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NON-TRIVIAL KAZHDAN-LUSZTIG COEFFICIENTS OF AFFINE WEYL
GROUPS
PAN CHEN
Abstract. In this paper we show that the leading coefficients µ(y, w) of some Kazhdan-Lusztig
polynomials Py,w with y, w in the affine Weyl group of type B˜n can be n; in the cases of types C˜n
and D˜n they can be n + 1. Consequently, for the corresponding simply connected simple algebraic
groups, the dimensions of the first extension groups between certain irreducible modules will go to
infinity when n increases.
0. Introduction
In the famous paper [KL79] Kazhdan and Lusztig introduced the Kazhdan-Lusztig bases and the
Kazhdan -Lusztig polynomials. The bases and polynomials play important roles in the representation
theory of Lie algebras and algebraic groups and relative geometric problems. An interesting question
is to compute the Kazhdan-Lusztig polynomials. Although there is a recursive formula to compute
the polynomials, it is impracticable in general. In this recursive formula certain “leading” coefficients
of Kazhdan-Lusztig polynomials play key role. What is more, the coefficient µ(y, w) of a Kazhdan-
Lusztig polynomial Py,w for Weyl groups and affine Weyl groups can be interpreted as dimensions of
first extension groups in Lie representation theory. So it is interesting to understand the coefficient
µ(y, w).
However, it is hard to compute the “leading” coefficient. For the affine Weyl groups, there exist
some results but not many. Lusztig [Lus97] computed the “leading” coefficients of some Kazhdan-
Lusztig polynomials for an affine Weyl group of type B˜2; more were computed in [Wan08]. In [Sco03]
for an affine Weyl group of type A˜5, some non-trivial “leading” coefficients were worked out. Xi [Xi05]
showed that if a(y) < a(w), then µ(y, w) 6 1 when W is an affine Weyl group of type A˜n. In [SX10]
Scott and Xi showed that some µ(y, w) is n + 2 for the affine Weyl group of type A˜n via Springer’s
formula and the recursive formula. In this paper, motivated by [SX10] and using similar method in
loc.cit., we compute the “leading” coefficients µ(y, w) of some Kazhdan-Lusztig polynomials Py,w for
the affine Weyl groups of types B˜n, C˜n and D˜n and obtain similar results (see Theorem 2.3, Theorem
3.3 and Theorem 4.3). From [And86] we know this “leading” coefficient µ(y, w) for an affine Weyl
group can be identified with the dimension of first extension group for irreducible modules of the
corresponding algebraic group over Fp, in the presence of the Lusztig’s modular conjecture (known to
hold for p very large [AJS94]). Thus in every case of classical types (e.g. SLn+1, Sp2n, SOn etc.) our
results with the result of [SX10] show that the dimension of first extension groups can be arbitrarily
large as n becomes large.
The paper is organized as follows. In section 1, we recall some basic facts about Springer’s formula
and the lowest two-sided cell of an affine Weyl group. In the sections 2,3,4, we handle the cases of
types B˜n, C˜n and D˜n respectively. Our main results are that if Wa is an affine Weyl group of type
B˜n then the “leading” coefficient µ(y, w) of some Kazhdan-Lusztig polynomial Py,w can be n; if Wa
is an affine Weyl group of type C˜n or D˜n then it can be n + 1. The key points are to find the right
elements and to compute the precise values of µ(y, w).
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1. Preliminaries
1.1. Let G be a connected, simply connected simple algebraic group over the field C of complex
numbers and let T be a maximal torus of G. Then the Weyl group W0 = NG(T )/T acts naturally on
the character groupX = Hom(T,C∗) of T . The semidirect productW =W0⋉X is called an extended
affine Weyl group. It contains the affine Weyl group Wa =W0⋉ZR, where R is the root system of G
with respect to T . For x ∈ X, denote by tx the translation y 7→ y + x of X. Let E = R⊗X. We can
naturally consider that W acts on E via scalar extension; the action is faithful. Thus W is identified
with a subgroup of the affine transformation group on E. Afterwards we shall not distinguish them.
Fix a simple root system ∆ ⊂ R. Let α0 be the highest short root of R (if the root system is
simply-laced, let α0 be the highest root). Let sα be the reflection corresponding to the root α ∈ R.
Set s0 = sα0tα0 , S = {sα, s0|α ∈ ∆}, then (Wa, S) is a Coxeter group.
We have W = Wa ⋊ Ω, where Ω = {u ∈ W |uSu
−1 = S}. For any α ∈ R, k ∈ Z, set sα,k(y) = y −
(〈y, α∨〉 − k)α, y ∈ E. Then we have wtzw
−1 = tw(z), sα,k = tkαsα = sαt−kα and (wtz)sα,k(wtz)
−1 =
sw(α),k+〈z,α∨〉 for z ∈ X,α ∈ R,w ∈ W0, k ∈ Z.
Let l and 6 be the length function and the Bruhat order of (Wa, S). As Lusztig[Lus83] had
explained, we can carry over these notions and the Kazhdan-Lusztig polynomials Py,w to (W,S) and
we can obtain Kazhdan-Lusztig basis Cw = q
− l(w)2
∑
y6w
Py,wTw, w ∈ W of the Hecke algebra H of
(W,S) over A = Z[q
1
2 , q−
1
2 ]. Since the degree of Py,w ∈ Z[q] is less than or equal to
1
2 (l(w)− l(y)− 1)
for y < w, we write Py,w = µ(y, w)q
1
2 (l(w)−l(y)−1) + lower degree terms. In general we define
µ(x, y) =

µ(x, y), x < y
µ(y, x), y > x
0, others.
If y < w and µ(y, w) 6= 0 then we write y ≺ w. Denote L(w) = {s ∈ S|sw < w}. We collect some
well-known properties about Py,w and µ(y, w).
Proposition 1.2. ([KL79]) Let y, w ∈Wa and y 6 w.
(1) Assume that sw < w for some s ∈ S. We have the recursive formula
Py,w = q
1−cPsy,sw + q
cPy,sw −
∑
y 6 z ≺ sw
sz < z
µ(z, sw)q
1
2 (l(w)−l(z))Py,z,
where c = 1 if sy < y, and c = 0 if sy > y. (Convention: Py,w = 0 if y 6 w.)
(2) If there exists some s ∈ S such that sw < w (resp. ws < w), then Py,w = Psy,w (resp. Py,w =
Pys,w).
(3) If there exists some s ∈ S such that sw < w, y 6 sw, then
Py,w = Psy,sw .
(4) If y, w ∈ W, s ∈ S satisfy y < w, sy > y and sw < w, then y ≺ w if and only if w = sy.
Furthermore, in this case we have µ(y, w) = 1.
(5) Let s, t ∈ S, with st of order 3. Set DL(s, t) = {w ∈Wa|#L(w) ∩ {s, t} = 1}. If v ∈ DL(s, t), then
exactly one of the elements sv, tv is in DL(s, t), denoted by
∗v. The map v 7→ ∗v is an involution of
DL(s, t), called (left) star operator. For y, w ∈ DL(s, t), we have
µ(y, w) = µ(∗y, ∗w).
From the above Proposition 1.2(4) we know that if y ≺ w and l(w) − l(y) > 1 then L(y) ⊃ L(w)
and l(y)− l(w) ≡ 1(mod 2), which will be used frequently in our calculation.
Write
CxCy =
∑
z∈W
hx,y,zCz , hx,y,z ∈ A.
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Denote the highest degree of q
1
2 in hx,y,z by deg
q
1
2
hx,y,z. The degree is controlled by the length
function.
Proposition 1.3. deg
q
1
2
hx,y,z 6 l(x) + l(y)− l(z).
Proof. We use induction on l(x) ∈ N.When l(x) = 0, it’s obvious. When l(x) > 0, there exists s ∈ S,
such that xs < x. Let x′ = xs. Now
CxCy = (Cx′Cs −
∑
vs<v≺x′
µ(v, x′)Cv)Cy =
∑
z∈W
hx,y,zCz.
There are two cases:
(a) sy < y.
In this case, CsCy = (q
1
2 + q−
1
2 )Cy . Thus
hx,y,z = (q
1
2 + q−
1
2 )hx′,y,z −
∑
vs<v≺x′
µ(v, x′)hv,y,z,
and
deg
q
1
2
hx,y,z 6 max
vs<v≺x′
{deg
q
1
2
hx′,y,z + 1, deg
q
1
2
hv,y,z}.
The conclusion follows from the induction hypothesis.
(b) sy > y.
In this case, CsCy = Csy +
∑
sw<w≺y
µ(w, y)Cw . Thus
hx,y,z = hx′,sy,z +
∑
sw<w≺y
µ(w, y)hx′,w,z −
∑
vs<v≺x′
µ(v, x′)hv,y,z,
and
deg
q
1
2
hx,y,z 6 max
sw < w ≺ y
vs < v ≺ x′
{deg
q
1
2
hx′,sy,z, deg
q
1
2
hx′,w,z, deg
q
1
2
hv,y,z}.
By the induction hypothesis, we have the needed inequality. 
Define
a(z) = min{i ∈ N|q−
i
2hx,y,z ∈ Z[q
− 12 ] for all x, y ∈ W}.
If for any i, q−
i
2hx,y,z /∈ Z[q
− 12 ] for some x, y ∈ W , we set a(z) = ∞. Then a(w) 6 l(w0) for all
w ∈W , where w0 is the longest element of W0 (see [Lus85]). Write
hx,y,z = γx,y,zq
a(z)
2 + δx,y,zq
a(z)−1
2 + lower degree terms.
Let e be the neutral element of W . Springer showed that l(z) − a(z) − 2δ(z) > 0, where δ(z) is the
degree of Pe,z (see [Lus87]).
Set
Di = {z ∈ W |l(z)− a(z)− 2δ(z) = i}.
Let pi(z) be the leading coefficient of Pe,z . We have the following formula.
Theorem 1.4. (Springer’s formula) For any x, y ∈ W,
µ(y, x) =
∑
d∈D0
δy−1,x,d +
∑
f∈D1
γy−1,x,fpi(f).
Proof. See [Xi05]. 
1.5. We refer to [KL79] and [Xi94] for the definition of the preorders 6L,6R,6LR and of the
equivalence relations ∼L,∼R,∼LR on W . The corresponding equivalence classes are called left cells,
right cells, two-sided cells of W respectively. The preorder 6L (resp. 6R;6LR) induces a partial
order on the set of left (resp. right; two-sided) cells of W , denoted again by 6L (resp. 6R;6LR). We
list some well-known properties.
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Proposition 1.6.(see [Lus85],[Lus87] and [Xi05])
(1) If hx,y,z 6= 0, then z 6R x, z 6L y.
(2) If γx,y,z 6= 0, then x ∼L y
−1, y ∼L z, z ∼R x.
(3) If δx,y,z 6= 0, then z ∼L y or z ∼R x.
(4) If x ∼LR y, and x 6L y (resp. x 6R y), then x ∼L y (resp. x ∼R y).
Recall that w0 is the longest element of W0. It is known that c0 = {w ∈ W |a(w) = l(w0)} is a
two-sided cell. In fact, it is the lowest two-sided cell with respect to the partial order 6LR . See [Shi87]
and [Lus85].
Let R+ (resp. R−; ∆) be the set of positive (resp. negative; simple) roots of the root system R.
X+ = {x ∈ X |〈x, α∨〉 > 0 for all α ∈ ∆} is the set of dominant weights of X. Then we have the
length formula (see [IM65])
l(xw) =
∑
α ∈ R+
w−1(α) ∈ R−
|〈x, α∨〉+ 1|+
∑
α ∈ R+
w−1(α) ∈ R+
|〈x, α∨〉|, for w ∈ W0, x ∈ X.
Thus
l(x) = 〈x, 2ρ∨〉, for any x ∈ X+, where ρ∨ =
1
2
∑
α∈R+
α∨.
For each simple root α there is a corresponding fundamental weight xα in X. We have 〈xα, β
∨〉 =
δα,β (Kronecker’s delta). For each w ∈W0, set
dw = w
∏
α ∈ ∆
w(α) ∈ R−
xα.
Then
c0 = {dwxw0d
−1
u |w, u ∈W0, x ∈ X
+}.
Moreover, for any w, u ∈ W0, the set c
′
0,w = {dwxw0d
−1
u |u ∈ W0, x ∈ X
+} is a right cell of W and
the set c0,u = {dwxw0d
−1
u |w ∈ W0, x ∈ X
+} is a left cell of W (see [Shi88] and [SX10]). We usually
denote the left cell c0,e by Γ0, and we have (see [Lus85])
Γ0 = {ww0|w ∈W, l(ww0) = l(w) + l(w0)}.
The following is a useful property about Γ0.
Proposition 1.7. Let x, y ∈ W such that l(xw0) = l(x) + l(w0), l(yw0) = l(y) + l(w0). Then
xw0 6 yw0 implies x 6 y.
Proof. Let y = si1si2 · · · sir be a reduced expression, w0 = tj1 · · · tjn another one. Since l(yw0) =
l(y) + l(w0), yw0 = si1si2 · · · sir tj1 · · · tjn is a reduced expression. Then x 6 yw0 implies that x has a
reduced expression which is a subexpression of si1si2 · · · sir tj1 · · · tjn . Since l(xw0) = l(x) + l(w0), this
reduced expression can’t end with any tjp . Thus x 6 y. 
We refer to [SX10] for a formula of Cw with w ∈ c0. For x ∈ X
+, let V (x) be an irreducible
rational G-module of highest weight x and let Sx be the corresponding element defined in [Lus83].
Then Sx, x ∈ X
+ form an A-basis of the center of H. For w ∈ W0 we define
Edw = q
− l(dw)2
∑
y 6 dw
l(yw0) = l(y) + l(w0)
Pyw0,dww0Ty
and
Fdw = q
− l(dw)2
∑
y 6 dw
l(yw0) = l(y) + l(w0)
Pyw0,dww0Ty−1.
NON-TRIVIAL KAZHDAN-LUSZTIG COEFFICIENTS OF AFFINE WEYL GROUPS 5
Proposition 1.8.
(1) EdwSxCw0Fdu = Cdwxw0d−1u for any w, u ∈W0 and x ∈ X
+.
(2) SxSy =
∑
z∈X+
mx,y,zSz for any x, y ∈ X
+. Here mx,y,z is defined to be the multiplicity of V (z) in
the tensor product V (x) ⊗ V (y).
Proof. (1) See the Corollary 2.11 of [Xi90].
(2) See (8.3) of [Lus83]. 
From this we have the following key lemma.
Lemma 1.9. For x ∈ X+ set x∗ = w0x
−1w0.
(1) For x, y, z ∈ X+, mx∗,y,z∗ = mz,y,x.
(2) For y = duxw0, w = du′x
′w0 ∈ Γ0, if u 6= u
′, then
µ(y, w) = δy−1,w,w0 =
∑
z1∈X+
mx∗,x′,z∗1 δw0d−1u ,du′w0,z1w0 .
(3) If w 6= e ∈W0, then µ(xw0, dww0) = δw0,dww0,xw0 .
Proof.
(1)
mx∗,y,z∗ = dim HomG(V (x
∗)⊗ V (y), V (z∗))
= dim HomG(V (x
∗)⊗ V (y)⊗ V (z),C)
= dim HomG(V (z)⊗ V (y), V (x))
= mz,y,x.
(2) See the proof of Theorem 3.1 of [SX10].
(3) Essentially this proof has been given in the proof of Theorem 3.2 of [SX10]. Here we write it more
clearly for the reader’s convenience.
Note that c0 is the lowest two-sided cell. By (1) and (4) of Proposition 1.6 we have that
Cw0Cdww0 =
∑
t∈X+
hw0,dww0,tw0Ctw0 .
Multiply Sx∗ from the left side. By Proposition 1.8(1) we get that
Cx∗w0Cdww0 = hw0,dww0,xw0Sx∗SxCw0 +
∑
t6=x∈X+
hw0,dww0,tw0Sx∗StCw0 .
By (1), mx∗,y,e = me,y,x = δx,y (Kronecker’s delta) for any y ∈ X
+. Compare the coefficients of Cw0
and we have
hx∗w0,dww0,w0 = hw0,dww0,xw0 .
Comparing the coefficients of q
a(w0)−1
2 on both sides, we obtain the equality
δx∗w0,dww0,w0 = δw0,dww0,xw0 .
Then the result follows from (2). 
On the number mx,y,z, we have the following useful proposition.
Proposition 1.10. For x, y, z ∈ X+, if 〈y + θ, α∨〉 > −1 for any simple root α and any weight θ of
V (x) then mx,y,z = dim V (x)z−y .
Proof. See Corollary (3.4) of [Kum10]. 
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2. The case of type B˜n
2.1. In this section we assume that G = Sp2n(C) and W is the corresponding extended affine Weyl
group. The Coxeter diagram of the affine Weyl group is
B˜n
2
0
1
3 n− 2 n− 1 n
Note that X is the abstract weight lattice relative to the root system R. We can use the standard
realization of root system to do calculation (see [Bou90]or [Hum72]). That is, take a standard orthog-
onal basis εi ∈ E, 1 6 i 6 n, such that α1 = ε1 − ε2, α2 = ε2 − ε3, · · · , αn−1 = εn−1 − εn, αn = 2εn
are the simple roots and the root system
R = {±(εi ± εj),±2εk|1 6 i 6= j 6 n, 1 6 k 6 n}.
Then α0 = ε1 + ε2. Denote the simple reflections by si = sαi , 1 6 i 6 n and denote the fundamental
dominant weights by xi = xαi , 1 6 i 6 n. We have that xi = ε1 + ε2 + · · · + εi. If we denote the
associated inner product of E by (−,−), then 〈x, α∨〉 = 2(x,α)(α,α) for any x ∈ X,α ∈ R.
To extend the result of [SX10] to this case, we need to find an element w ∈ W such that dw > x
and l(dw)− l(x) = 1 for some dominant weight x ∈ ZR ∩X
+.
Proposition 2.2. Keep the notations above, in particular G = Sp2n(C). If n > 3, then for w =
sε1+ε3 ∈W0, we have x2 < dw and l(dw) = l(x2) + 1.
Proof. We first compute dw. Note that sε1+ε3 : ε1 7→ −ε3, ε3 7→ −ε1, εi 7→ εi, i 6= 1, 3. Thus we have
sε1+ε3(ε1 − ε2) = −ε3 − ε2 < 0;
sε1+ε3(ε3 − ε4) = −ε1 − ε4 < 0, if n > 3;
sε1+ε3(εi − εi+1) =
{
ε2 + ε1 > 0 , i = 2
εi − εi+1 > 0 , i 6= 1, 2, 3;
sε1+ε3(2εn) =
{
2εn > 0 , n > 3
−2ε1 < 0 , n = 3.
Therefore {α ∈ ∆|w(α) ∈ R−} = {α1, α3}. Hence
dw = w
∏
α∈∆,w(α)∈R−
xα = sε1+ε3x1x3.
Since
s2s0s2 = sε2−ε3s−ε1−ε2,1sε2−ε3 = s−ε1−ε3,1 = s−ε1−ε3tε1+ε3 = sε1+ε3tε1+ε3
and
sε1+ε3x1x3x
−1
2 = sε1+ε3tε1+ε3 ,
we see that sε1+ε3x1x3x
−1
2 = s2s0s2 and dw = s2s0s2x2.
Now we compute the length l(dw) and the length l(x2). Since
dw = sε1+ε3x1x3 = t−ε1+ε2−2ε3sε1+ε3 ,
by the length formula, we have l(dw) = 4n− 3. On the other hand,
l(x2) = 〈x2, 2ρ
∨〉
= (ε1 + ε2, (2n− 1)ε1 + (2n− 3)ε2 + · · ·+ εn)
= 4n− 4.
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As a consequence we see l(dw) = l(x2) + 1.
By computing the lengths, we easily obtain that s2x2 < x2. Thus x2 has a reduced expression
which is a subexpression of a reduced expression of dw = s2s0s2x2. Hence x2 < dw. 
Now we can state the main result in this section.
Theorem 2.3. Let G = Sp2n(C). If n > 4, then for x =
n∏
i=1
xaii , ai > 1− δi,n (Kronecker’s delta) and
w = sε1+ε3 , we have
µ(xw0, dwxw0) = n.
Proof. By Lemma 1.9(2) we have
µ(xw0, dwxw0) = δw0x−1,dwxw0,w0 =
∑
z1∈X+
mx∗,x,z∗1 δw0,dww0,z1w0 .
Note that w0, dww0 ∈ Wa, so δw0,dww0,z1w0 6= 0 implies z1 ∈ X
+ ∩ ZR. By Proposition 1.3 we
have a(w0) − 1 6 l(w0) + l(dww0) − l(z1w0). Thus l(z1) 6 4n − 2. Since l(xi) = 2ni − i
2, we have
l(x21) = 4n− 2, l(x2) = 4n− 4, l(xi) > 4n− 2, 3 6 i 6 n, and l(x1x2) = 6n− 5 > 4n− 2. (Here we
need n > 4.) So z1 ∈ {e, x
2
1, x2}.
Meanwhile by Lemma 1.9(3) and Proposition 2.2 we have
δw0,dww0,x2w0 = µ(x2w0, dww0) = 1.
By Lemma 1.9(3) we have
δw0,dww0,x21w0 = µ(x
2
1w0, dww0) = 0,
since dw 6< x
2
1 and x
2
1 6< dw. In fact, since l(dw) = l(x
2
1)− 1, s1x
2
1 < x
2
1 and s1dw > dw, so if dw < x
2
1,
we must have
dw = s1x
2
1,
which is impossible by easy check. Hence
µ(xw0, dwxw0) = mx∗,x,x∗2 +mx∗,x,eδw0,dww0,w0 = mx2,x,x + µ(w0, dww0).
Now we compute mx2,x,x. Obviously, the set of weights of V (x2) is {u(x2), 0|u ∈ W0} = {±(εi ±
εj), 0|i 6= j}. For any u ∈ W0, 〈u(x2), α
∨
k 〉 > −2 for all 1 6 k < n and 〈u(x2), α
∨
n〉 > −1. Thus by
Proposition 1.10, mx2,x,x = dim V (x2)0. Using Freudenthal’s weight multiplicity formula we obtain
dim V (x2)0 = n− 1.
Finally by direct computation µ(w0, dww0) = 1 (See Lemma 2.7 below). Hence the conclusion
follows. 
2.4. Now we are going to prove µ(w0, dww0) = 1. First we need to get a reduced expression of dw.
Let ω = dsε1 = sε1x1 = s−ε1,1 ∈ Ω, satisfying ω
2 = 1, ωs1ω = s0, ωsiω = si, 2 6 i 6 n. Since
x1 = ε1, x2 = ε1 + ε2, we have x1 = ωs0s2s3...sn...s3s2s0, thus
x2 = x1s1x1s1
= s2s3 · · · sn s1s2 · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0.
So we can get a reduced expression of dw as follows
dw = s2s0 s3 · · · sn s1s2 · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0.
Set v = dw, v1 = s2dw and v2 = s0s2dw. Since w0, vw0 ∈ DL(s0, s2) = {w ∈Wa|#L(w)∩{s0, s2} =
1}, using the star operator we have µ(w0, vw0) = µ(s0w0, v1w0). By the recursive formula
(∗) Ps0w0,v1w0 = Pw0,v2w0 + qPs0w0,v2w0 −
∑
s0w0 6 z ≺ v2w0
s0z < z
µ(z, v2w0)q
1
2 (l(v1w0)−l(z))Ps0w0,z.
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We first show that the summation in formula (∗) is empty. That is, there exists no z ∈ W such
that s0w0 6 z ≺ v2w0 and s0z < z. Assume that z ∈ W satisfies the requirements. Thanks to
s0v2w0 > v2w0, the condition z ≺ v2w0 and s0z < z implies that z 6L v2w0. Since v2w0 ∈ Γ0, we
have z ∈ Γ0. In particular, z = uw0 for some u ∈ W and l(z) = l(u) + l(w0). Since s0w0 6 z 6 v2w0,
and
v2 = s3 · · · sn s1s2 · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0,
by Proposition 1.7 we see that z must be one of the following elements:
s0w0;
mi = si · · · s3s2s0w0, 2 6 i 6 n;
mj,i = sj · · · s2s1 si · · · s2s0w0, 2 6 i 6 n, 1 6 j < i;
gk = sk · · · sn−1 sn · · · s2s0w0, 1 6 k 6 n− 1;
wk,j = sk · · · sn−1sj · · · s2s1 sn · · · s2s0w0, 1 6 k 6 n− 1, 1 6 j 6 n− 2;
zt,k = st · · · sn sk · · · sn−1 · · · s1 sn · · · s2s0w0, 3 6 t 6 n, 1 6 k < t.
From their expressions, we can easily compute the set L(z). We obtain
L(s0w0) = S − {s2};
L(mi) =
{
S − {si+1, s1} 2 6 i < n
S − {sn−1, s1} i = n;
L(mj,i) =

S − {s3} i = 2, j = 1
S − {si+1, s2} 2 < i < n, j = 1
S − {si+1, sj+1, s0} 4 6 i < n, 2 6 j < i− 1
S − {si+1, s0} 3 6 i < n, 2 6 j = i− 1
S − {sn−1, s2} i = n, j = 1
S − {sn−1, sj+1, s0} i = n, 2 6 j < n− 2
S − {sn−1, s0} i = n, j = n− 2
S − {sn−2, sn, s0} i = n, j = n− 1;
L(gk) =

S − {s2, s0} k = 1
S − {s0, s1} k = 2
S − {sk−1, s1} 2 < k 6 n− 1;
L(wk,j) =

S − {sn, s0} j = n− 2, k = 1
S − {sn, sk−1, s0} j = n− 2, 1 < k 6 n− 1
S − {sj+2, s0} 1 6 j < n− 2, k = 1
S − {sj+2, sk−1, s0} 1 6 j < n− 2, 1 < k 6 j + 1
S − {sk−1, s0} 1 < j < n− 2, k = j + 2
S − {sk−1} j = 1, k = j + 2
S − {sj+1, sk−1, s0} 1 < j < n− 2, k > j + 2
S − {sj+1, sk−1} j = 1, k > j + 2;
L(zt,k) =

S − {sk−1, s0} 3 6 t 6 n, k = t− 1
S − {sk−1, st−1, s0} 4 6 t 6 n, 1 < k < t− 1
S − {st−1, s0} 3 6 t 6 n, k = 1.
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Since L(v2w0) = S−{s2, s0}, combining the condition s0z < z and Proposition 1.2(4), we see that
z is one of the following elements:
s0w0, w3,1.
Since l(v2w0) − l(s0w0) = 4n − 6 is even, so µ(s0w0, v2w0) = 0. Note that L(w3,1) = S − {s2}.
Using the star operator with respect to the pair {s2, s3}, we see that
µ(w3,1, v2w0) = µ(w2,1, z4,1) = 0.
Therefore we have
(#) Ps0w0,v1w0 = Pw0,v2w0 + qPs0w0,v2w0 .
Remark. Before proceeding, let’s take a look at the argument for getting (#). First we apply the
recursive formula to get (∗). Next we reduce the summation in the formula (∗). We easily obtain that
z ∈ Γ0 and by Proposition 1.7 we know its possible expression.
• For z satisfying l(v2w0) − l(z) > 1, by Proposition 1.2(4) we know the form of L(z), i.e.
L(z) ⊃ L(v2w0) ∪ {s0}, and using the data that we give for all s0w0 6 z 6 v2w0, we can
obtain the possible candidates. Then consider the length, and if l(v2w0)− l(z) is even, we will
kill the candidate.
• For z satisfying l(v2w0)− l(z) = 1, it can be left if and only if s0 ∈ L(z).
The argument like this will be used frequently throughout this paper, and for convenience we call it
“Argument 2.4” in later use.
Lemma 2.5. We have
Pw0,v2w0 = q
2n−3 + q2n−4 + · · ·+ q + 1.
Proof. If n = 4, 5, the calculation is easy and we omit it. When n > 6, the case that n is even and
the case that n is odd are similar. In view of this, we only consider the case that n > 6 is even. Recall
that we have reduced expression
v2 = s3 · · · sn s1s2 · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0.
In the following we shall use repeatedly Argument 2.4 to compute Pw0,v2w0 . Starting with the above
reduced expression, every time we cancel the leftmost simple reflection. Thus we obtain a series of
equalities (like (#)) about Kazhdan-Lusztig polynomials and some µ(y, w). Then we apply flexibly
the properties in Proposition 1.2 to compute what we need to know in these equalities. We continue
to use the notations given in 2.4. Note that v2w0 = z3,1.
(1) Recall that for 4 6 i 6 n,
zi,1 = si · · · sn s1s2 · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0w0,
and then zi,1 = si−1zi−1,1.
Since zi,1si−1 < zi,1 and si−1w0 = w0si−1, by Proposition 1.2(2) we have
Psi−1w0,zi,1 = Pw0si−1,zi,1 = Pw0,zi,1 .
(Note: The easy argument like this will be used frequently, so in the following if it is obvious we shall
not repeat it.)
Since L(zi,1) = S − {si−1, s0}, l(zi,1) = (4n− 2− i) + l(w0), using Argument 2.4 we see that
(2.5.1) Pw0,zi−1,1 =

(1 + q)Pw0,zi,1 − qPw0,zi+1,1 , i = 4, 6, · · · , n− 2,
(1 + q)Pw0,zi,1 − µ(w0, zi,1)q
2n−1− i−12 − qPw0,zi+1,1 , i = 5, 7, · · · , n− 1,
(1 + q)Pw0,zi,1 − qPw0,w1,n−2 , i = n.
Here w1,n−2 = s1s2 · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0w0.
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(2) Since w1,n−2 = snzn,1,L(w1,n−2) = S−{sn, s0}, l(w1,n−2) = (3n− 3)+ l(w0), using Argument
2.4 we see that
(2.5.2) Pw0,zn,1 = (1 + q)Pw0,w1,n−2 − µ(w0, w1,n−2)q
3n
2 −1 − qPw0,w1,n−3 .
Here w1,n−3 = s1s2 · · · sn−2sn−1sn−3 · · · s2s1 sn · · · s3s2 s0w0.
Recall that for 2 6 i 6 n− 2,
wi,n−2 = si · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0w0,
and then wi,n−2 = si−1wi−1,n−2.
Since L(wi,n−2) = S − {sn, si−1, s0}, l(wi,n−2) = (3n− i − 2) + l(w0), using Argument 2.4 we see
that
(2.5.3)
Pw0,wi−1,n−2
=

(1 + q)Pw0,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 Pw0,mn−2,n−1 − qPw0,wi+1,n−2 , i = 2, 4, · · · , n− 4,
(1 + q)Pw0,wi,n−2 − µ(w0, wi,n−2)q
3n−i+1
2 −1 − qPw0,wi+1,n−2 , i = 3, 5, · · · , n− 3,
(1 + q)Pw0,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 Pw0,mn−2,n−1 − qPw0,mn−1,n , i = n− 2.
Here mn−2,n−1 = sn−2 · · · s1 sn−1 · · · s2 s0w0, and
mn−1,n = sn−1 · · · s1 sn · · · s2 s0w0.
(3) Since mn−1,n = sn−2wn−2,n−2,L(mn−1,n) = S − {sn, sn−2, s0}, l(mn−1,n) = (2n− 1) + l(w0),
using Argument 2.4 we see that
(2.5.4) Pw0,wn−2,n−2 = (1 + q)Pw0,mn−1,n − µ(w0,mn−1,n)q
n − qPw0,mn−2,n .
Here mn−2,n = sn−2 · · · s1 sn · · · s2 s0w0.
Since mn−2,n = sn−1mn−1,n,L(mn−2,n) = S − {sn−1, s0}, l(mn−2,n) = (2n − 2) + l(w0), using
Argument 2.4 we see that
(2.5.5) Pw0,mn−1,n = (1 + q)Pw0,mn−2,n − qPw0,mn−2,n−1.
Recall that for 3 6 i 6 n− 2,
mn−i,n = sn−i · · · s1 sn · · · s2 s0w0,
and then mn−i,n = sn−i+1mn−i+1,n.
Since L(mn−i,n) = S−{sn−1, sn−i+1, s0}, l(mn−i,n) = (2n− i) + l(w0), using Argument 2.4 we see
that
(2.5.6)
Pw0,mn−i+1,n =
{
(1 + q)Pw0,mn−i,n − µ(w0,mn−i,n)q
n− i−12 − qPw0,mn−i−1,n , i = 3, 5, · · · , n− 3,
(1 + q)Pw0,mn−i,n − qPw0,mn−i−1,n , i = 4, 6, · · · , n− 2.
Here m1,n = s1 sn · · · s2 s0w0.
Since m1,n = s2m2,n,L(m1,n) = S − {sn−1, s2}, l(m1,n) = (n+ 1) + l(w0), using Argument 2.4 we
see that
(2.5.7) Pw0,m2,n = (1 + q)Pw0,m1,n − qPw0,mn .
Here mn = sn · · · s2 s0w0.
(4) Since mn = s1m1,n,L(mn) = S − {s1, sn−1}, l(mn) = n + l(w0), using Argument 2.4 we see
that
(2.5.8) Pw0,m1,n = (1 + q)Pw0,mn .
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(5) Using Argument 2.4, we can easily get that Pw0,mn = 1. Thus by direct computation with
equalities (2.5.6)-(2.5.8) we obtain that
(2.5.9) Pw0,mn−2,n = q
n−2 + qn−3 + · · ·+ q + 1.
Hence for completing the calculation in equalities (2.5.1)-(2.5.5), it remains to know the followings:
µ(mn−2,n−1, wi,n−2), i = 2, 4, · · · , n− 2;
Pw0,mn−2,n−1 ;
Pw0,w1,n−3 .
In the following we shall mainly use Argument 2.4 to obtain them.
(6) Recall that for 2 6 i 6 n− 2,
wi,n−2 = si · · · sn−2sn−1sn−2 · · · s2s1 sn · · · s3s2 s0w0,
wn−2,n−3 = sn−2sn−1sn−3 · · · s1 sn · · · s2 s0w0,
and
mn−2,n−1 = sn−2 · · · s1 sn−1 · · · s2 s0w0.
Since sn−1mn−2,n−1 = mn−2,n−1s1, we have
Psn−1mn−2,n−1,wn−2,n−3 = Pmn−2,n−1,wn−2,n−3 .
Since wn−2,n−3 = sn−1wn−2,n−2,L(wn−2,n−3) = S − {sn−1, sn−3, s0}, l(wn−2,n−3) = (2n − 1) +
l(w0), using Argument 2.4 we see that
Pmn−2,n−1,wn−2,n−2 = (1 + q)Pmn−2,n−1,wn−2,n−3.
But l(wn−2,n−3)− l(mn−2,n−1) = 2 implies Pmn−2,n−1,wn−2,n−3 = 1, thus
(2.5.10) Pmn−2,n−1,wn−2,n−2 = q + 1.
Therefore
(2.5.11) µ(mn−2,n−1, wn−2,n−2) = 1.
Since simn−2,n−1 = mn−2,n−1si+2 for 1 6 i 6 n− 3, from (2.5.3) we see that
Pmn−2,n−1,wi−1,n−2
=

(1 + q)Pmn−2,n−1,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 − qPmn−2,n−1,wi+1,n−2 , i = 2, 4, · · · , n− 4,
(1 + q)Pmn−2,n−1,wi,n−2 − qPmn−2,n−1,wi+1,n−2 , i = 3, 5, · · · , n− 3,
(1 + q)Pmn−2,n−1,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 − qPmn−2,n−1,mn−1,n , i = n− 2.
But l(mn−1,n)− l(mn−2,n−1) = 2 implies Pmn−2,n−1,mn−1,n = 1, thus for 2 6 i 6 n− 4,
Pmn−2,n−1,wi,n−2 = q + 1,
and
(2.5.12) µ(mn−2,n−1, wi,n−2) = 0.
(7) Recall that for 3 6 i 6 n− 1,
mn−i,n−1 = sn−i · · · s1 sn−1 · · · s2 s0w0.
Thus mn−i,n−1 = sn−i+1mn−i+1,n−1. Obviously l(mn−i,n−1) = (2n− i− 1) + l(w0) and
L(mn−i,n−1) =
{
S − {sn, sn−i+1, s0} 3 6 i 6 n− 2
S − {sn, s2} i = n− 1.
In addition, for mn−1 = sn−1 · · · s2 s0w0, we have
L(mn−1) = S − {s1, sn}, l(mn−1) = (n− 1) + l(w0)
12 PAN CHEN
Using Argument 2.4 we see that
Pw0,mn−i+1,n−1 =

(1 + q)Pw0,mn−i,n−1 − q(Pw0,mn−i,n−2 + Pw0,mn−i−1,n−1), i = 3
(1 + q)Pw0,mn−i,n−1 − µ(w0,mn−i−1,n−1)q
n− i2 − qPw0,mn−i−1,n−2, i = 4, 6, · · · , n− 2,
(1 + q)Pw0,mn−i,n−1 − qPw0,mn−i−1,n−2, i = 5, 7, · · · , n− 3,
(1 + q)Pw0,mn−i,n−1 − qPw0,mn−1, i = n− 1,
(1 + q)Pw0,mn−1 , i = n.
Easily we have Pw0,mn−1 = 1. By direct calculation, we see that
(2.5.13) Pw0,mn−i,n−1 = q
n−i + qn−i−1 + · · ·+ q + 1, 3 6 i 6 n− 1.
Thus
Pw0,mn−2,n−1 = (1 + q)(q
n−3 + · · ·+ 1)− q(Pw0,mn−3,n−2 + (q
n−4 + · · ·+ 1)).
Note that mn−3,n−2 and mn−2,n−1 have the same form. Similarly we can get that
Pw0,mn−3,n−2 = (1 + q)(q
n−4 + · · ·+ 1)− q(Pw0,mn−4,n−3 + (q
n−5 + · · ·+ 1)).
By easy calculation we have Pw0,m2,3 = q
2+1 and Pw0,m3,4 = q
2 +1. By induction on n > 6 even, we
can prove that:
(2.5.14) Pw0,mn−2,n−1 = q
n−2 + qn−4 + · · ·+ q2 + 1,
and
(2.5.15) Pw0,mn−3,n−2 = q
n−4 + qn−6 + · · ·+ q2 + 1.
Remark. Only to get Pw0,mn−2,n−1 , we can use the following alternative approach.
By (2.5.9) we know that
Pw0,mn−2,n = q
n−2 + qn−3 + · · ·+ q + 1.
On the other hand, since mn−2,n−1 = snmn−2,n, by Argument 2.4 we see that
Pw0,mn−2,n = (1 + q)Pw0,mn−2,n−1 − µ(w0,mn−2,n−1)q
n−1.
The first equality implies that 1+q ∤ Pw0,mn−2,n , thus from the second equality we know µ(w0,mn−2,n−1) 6=
0. Then employing the method of undetermined coefficients, we can easily obtain that
Pw0,mn−2,n−1 = q
n−2 + qn−4 + · · ·+ q2 + 1.
(8) Recall that for 2 6 i 6 n− 1,
wi,n−3 = si · · · sn−2sn−1sn−3 · · · s1 sn · · · s2 s0w0.
Thus wi,n−3 = si−1wi−1,n−3. Obviously l(wi,n−3) = (3n− i− 3) + l(w0) and
L(wi,n−3) =
{
S − {sn−1, si−1, s0} 2 6 i 6 n− 2
S − {sn−2, s0} i = n− 1.
In addition, for mn−3,n = sn−3 · · · s1 sn · · · s2 s0w0 = sn−1wn−1,n−3, we have
L(mn−3,n) = S − {sn−1, sn−2, s0}, l(mn−3,n) = (2n− 3) + l(w0).
Using Argument 2.4 we see that
Pw0,wi−1,n−3
=

(1 + q)Pw0,wi,n−3 − µ(w0, wi,n−3)q
3n−2−i
2 − µ(mn−2,n, wi,n−3)q
n−i
2 Pw0,mn−2,n
−qPw0,wi+1,n−3 , i = 2, 4, · · · , n− 2,
(1 + q)Pw0,wi,n−3 − µ(mn−3,n−2, wi,n−3)q
n−i+3
2 Pw0,mn−3,n−2 − qPw0,wi+1,n−3 , i = 3, 5, · · · , n− 3,
(1 + q)Pw0,wi,n−3 , i = n− 1,
(1 + q)Pw0,mn−3,n − µ(w0,mn−3,n)q
n−1 − qPw0,mn−3,n−1, i = n.
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For mn−3,n−1 = sn−3 · · · s1 sn−1 · · · s2 s0w0 = snmn−3,n, we have
L(mn−3,n−1) = S − {sn, sn−2, s0}, l(mn−3,n−1) = (2n− 4) + l(w0).
Using Argument 2.4 we see that
Pw0,mn−3,n = (1 + q)Pw0,mn−3,n−1 − µ(mn−4,n−3,mn−3,n−1)q
2Pw0,mn−4,n−3 − qPw0,mn−3,n−2.
Then from (2.5.13),(2.5.9) and (2.5.14)-(2.5.15), we know respectively that
Pw0,mn−3,n−1 = q
n−2 + qn−3 + · · ·+ q + 1;
Pw0,mn−2,n = q
n−2 + qn−3 + · · ·+ q + 1;
and
Pw0,mn−3,n−2 = q
n−4 + qn−6 + · · ·+ q2 + 1,
Pw0,mn−4,n−3 = q
n−4 + qn−6 + · · ·+ q2 + 1.
Now we use star operators to compute the µ(y, w) occurring in the above equalities. First we easily
see that
µ(mn−2,n, wn−2,n−3) = 1,
since l(wn−2,n−3)− l(mn−2,n) = 1. Using the star operator with respect to the pair {sn−2, sn−1}, we
see that for i = 2, 4, · · · , n− 4,
µ(mn−2,n, wi,n−3) = µ(mn−1,n, wi,n−4).
• If i = 2, 4, · · · , n − 6, since sn ∈ L(wi+1,n−4) − L(mn−1,n) and l(wi+1,n−4) − l(mn−1,n) > 1,
by Proposition 1.2(4) we see that
µ(mn−2,n, wi,n−3) = 0.
• If i = n− 4, since mn−1,n 6 wn−4,n−4, we see that
µ(mn−2,n, wn−4,n−3) = 0.
Similarly, using the same star operator we can obtain that
µ(mn−3,n−2, wi,n−3) = µ(mn−3,n−1, wi,n−4) = 0, i = 3, 5, · · · , n− 3
and
µ(mn−4,n−3,mn−3,n−1) = µ(mn−4,n−2,mn−3,n−2) = 1.
Combining the preceding paragraphs, by direct computation we have that
(2.5.16) Pw0,w1,n−3 = q
n−2 + qn−3 + · · ·+ q + 1.
(9) Finally using the results of (2.5.11),(2.5.12),(2.5.14),(2.5.16) to complete the calculation in
(2.5.1)-(2.5.5), we obtain what we need. 
Lemma 2.6. We have
degPs0w0,v2w0 < 2n− 4.
Proof. This proof is similar to the one of Lemma 2.5. As the proof of Lemma 2.5, we shall only
consider the case that n > 6 is even in the following. Using Argument 2.4, we obtain the following
(1)-(4) (refer to the corresponding ones in the proof of Lemma 2.5 and note specially that w3,n−2 =
s2w2,n−2,m1,n = s2m2,n).
(1)
(2.6.1) Ps0w0,zi−1,1 =
{
(1 + q)Ps0w0,zi,1 − qPs0w0,zi+1,1 , 4 6 i 6 n− 1,
(1 + q)Ps0w0,zi,1 − qPs0w0,w1,n−2 , i = n.
(2)
(2.6.2) Ps0w0,zn,1 = (1 + q)Ps0w0,w1,n−2 − qPs0w0,w1,n−3 .
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(2.6.3)
Pw0,wi−1,n−2
=

(1 + q)Ps0w0,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 Ps0w0,mn−2,n−1 − qPs0w0,wi+1,n−2 , i = 2, 4, · · · , n− 4,
Ps0w0,wi,n−2 + qPs2s0w0,wi,n−2 − qPw0,wi+1,n−2 , i = 3,
(1 + q)Ps0w0,wi,n−2 − qPs0w0,wi+1,n−2 , i = 5, 7, · · · , n− 3,
(1 + q)Ps0w0,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 Ps0w0,mn−2,n−1 − qPs0w0,mn−1,n , i = n− 2.
(3)
(2.6.4) Ps0w0,wn−2,n−2 = (1 + q)Ps0w0,mn−1,n − qPs0w0,mn−2,n .
(2.6.5) Ps0w0,mn−1,n = (1 + q)Ps0w0,mn−2,n − qPs0w0,mn−2,n−1 .
(2.6.6) Ps0w0,mn−i+1,n = (1 + q)Ps0w0,mn−i,n − qPs0w0,mn−i−1,n , 3 6 i 6 n− 2.
(4)
(2.6.7) Ps0w0,m2,n = Ps0w0,m1,n + qPs2s0w0,m1,n − qPs0w0,mn .
(2.6.8) Ps0w0,m1,n = (1 + q)Ps0w0,mn .
(5) Since for mn = sn · · · s2s0w0, L(mn) = S − {sn−1, s1}, by Proposition 1.2(2) we see that
Ps0w0,mn = Pmn−2,mn = 1.
Thus
Ps0w0,m1,n = q + 1.
Similarly, since for m1,n = s1 sn · · · s2s0w0, L(m1,n) = S−{sn−1, s2}, by Proposition 1.2(2) we see
that
Ps2s0w0,m1,n = Pm1,n−2,m1,n = 1.
By direct computation with (2.6.6)-(2.6.7), we obtain
(2.6.9) Ps0w0,mn−2,n = q + 1.
Note that we have computed
µ(mn−2,n−1, wi,n−2), i = 2, 4, · · · , n− 2
in (6) of the proof of Lemma 2.5, i.e. (2.5.11)-(2.5.12), hence for completing the calculation in formulae
(2.6.1)-(2.6.5), it remains to compute the followings:
Ps0w0,mn−2,n−1 , Ps2s0w0,w3,n−2 , Ps0w0,w1,n−3 .
(6) Recall that
mn−2,n−1 = sn−2 · · · s1 sn−1sn−2 · · · s2s0w0.
Thus L(mn−2,n−1) = S − {sn, s0}, and by Proposition 1.2(2) we see
(2.6.10) Ps0w0,mn−2,n−1 = Pmn−2,n−1,mn−2,n−1 = 1.
(7) Now we compute Ps2s0w0,w3,n−2 . First we prove some equalities. Recall that
w3,n−2 = s3 · · · sn−1sn−2 · · · s1 sn · · · s2s0w0.
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Thus L(w3,n−2) = S − {sn, s2, s1}, and by Proposition 1.2(2) we get
Ps2s0w0,w3,n−2 = Pmn−1,w3,n−2 .
For 4 6 i 6 n− 2,
wi,n−2 = si · · · sn−1sn−2 · · · s1 sn · · · s2s0w0,
and then wi,n−2 = si−1wi−1,n−2. Since si−1mn−1 = mn−1si and wi,n−2si < wi,n−2. By Proposition
1.2(2) we have
Psi−1mn−1,wi,n−2 = Pmn−1,wi,n−2 .
Similarly we have
Psn−2mn−1,mn−1,n = Pmn−1,mn−1,n .
Keeping in mind these equalities, we use Argument 2.4, refer to (2.6.3)-(2.6.5) and obtain the
followings:
Pmn−1,wi−1,n−2
=

(1 + q)Pmn−1,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 Pmn−1,mn−2,n−1 − qPmn−1,wi+1,n−2 ,
i = 4, 6, · · · , n− 4,
(1 + q)Pmn−1,wi,n−2 − qPmn−1,wi+1,n−2 , i = 5, 7, · · · , n− 3,
(1 + q)Pmn−1,wi,n−2 − µ(mn−2,n−1, wi,n−2)q
n−i+2
2 Pmn−1,mn−2,n−1 − qPmn−1,mn−1,n , i = n− 2;
Pmn−1,wn−2,n−2 = (1 + q)Pmn−1,mn−1,n − qPmn−1,mn−2,n ;
Pmn−1,mn−1,n = Pmn−1,mn−2,n + qPmn−2,mn−2,n − qPmn−1,mn−2,n−1 .
Since L(mn−2,n) = S − {sn−1, s0} by Proposition 1.2(2) we see that
Pmn−1,mn−2,n = Pmn−2,n−1,mn−2,n = 1
and (see (2.6.9))
Pmn−2,mn−2,n = Ps0w0,mn−2,n = q + 1.
Similarly since L(mn−2,n−1) = S − {sn, s0} we see
Pmn−1,mn−2,n−1 = Pmn−2,n−1,mn−2,n−1 = 1.
Combining the preceding paragraphs and noting (2.5.11)-(2.5.12), by direct computation we obtain
(2.6.11) Ps2s0w0,w3,n−2 = q
n−3 + q + 1.
(8) By computating with (2.6.3)-(2.6.5),(2.6.9)-(2.6.11) we get
Ps0w0,w1,n−2 = q + 1.
By (2.6.1)-(2.6.2), we see
degPs0w0,z3,1 6 degPs0w0,w1,n−2 + (n− 2),
though we don’t know Ps0w0,w1,n−3 . Thus
degPs0w0,z3,1 6 n− 1 < 2n− 4.

Now we are able to establish the following result, which completes our proof of Theorem 2.3.
Lemma 2.7. Let dw be as in Theorem 2.3, if n > 4 then
µ(w0, dww0) = 1.
Proof. It follows from (#), Lemma 2.5 and Lemma 2.6. 
2.8. Next we consider the first extension group between irreducible modules. Before this let’s recall
some general background (see[SX10]). We keep notations in Section 1. Assume that G is simply
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connected and simple and p is a prime number. Denote the root lattice Q = ZR. Set s′0 = sα0tpα0 .
Let W ′ = W0 ⋉ pQ, which as an affine transform group of E is generated by sα(α ∈ R) and s
′
0. Via
these simple reflections, Wa is isomorphic to the group W
′ by the map: si 7→ si(1 6 i 6 n), s0 7→ s
′
0.
Moreover we can use these simple reflections to identify W ′ with the affine Weyl group given by
Lusztig in [Lus80a, Section 1.1], i.e., mapping every simple reflection to the orbit of its fixed affine
hyperplane. We shall consider that W ′ acts on the set of weights not in any affine hyperplane
Hα,k = {x ∈ E|〈x, α
∨〉 = pk}(α ∈ R, k ∈ Z) through the affine Weyl group in loc.cit. and denote this
action by ∗. This action and the original affine action are related: w ∗ (−ρ) = w−1(−ρ), w ∈ W ′. But
for a general element in E similar relation may not hold. In addition, we can easily see that w ∈ Γ0
if and only if w ∗ (−ρ)− ρ is dominant.
Let H be the algebra group obtained from G by replacing the base field C with Fp. It is known
that when p is sufficiently large, Lusztig’s modular conjecture (see [Lus80b] for the formulation) is
true for irreducible modules of H with highest weights in the Jantzen region. The Jantzen region is
defined to be the set {ν ∈ X |0 6 〈ν + ρ, α∨0 〉 6 p(p− h+ 2)}, where h is the Coxeter number.
Now return to G = Sp2n(C). Let dw ∈ Wa be as in Theorem 2.2 and β = ε1 + ε3. Denote the
image in W ′ of dw under the above map by v
′. Then v′ = sβtpx1+px3 . Let λ = t2pρw0 ∗ (−ρ)− ρ and
µ = v′t2pρw0 ∗ (−ρ)− ρ. With the help of the above relation we obtain that
λ = 2pρ, µ = (2n− 3 + 2p)ρ+ p(x1 + x3).
Thus 〈λ+ρ, α∨0 〉 = (2p+1)(2n−1) and 〈µ+ρ, α
∨
0 〉 = p(4n+1)+(2n−2)(2n−1). For G = Sp2n(C), h =
2n. If p > 7n− 2, then we have
p(p− h+ 2) > p(4n+ 1) + (2n− 2)(2n− 1) > (2p+ 1)(2n− 1),
i.e. λ and µ are in the Jantzen region. ForH = Sp2n(Fp), by Theorem 2.2 we know µ(t2pρw0, v
′t2pρw0) =
n if n > 4. On the other hand, we know that this leading coefficient is identified with the dimension
of the first extension group Ext1H(L(λ), L(µ)) between the irreducible modules of the highest weights
λ and µ. See for example [And86]. So we obtain the following.
Corollary 2.9. Let H = Sp2n(Fp). If the p is sufficiently large such that Lusztig’s modular conjecture
holds and p > 7n− 2, n > 4, then Ext1H(L(λ), L(µ)) = n.
3. The case of type C˜n
3.1. In this section we assume that G = Spin2n+1(C). The Coxeter diagram of the affine Weyl group
is
C˜n
0 1 2 n− 2 n− 1 n
As Section 2, we take a standard orthogonal basis εi ∈ E, 1 6 i 6 n, such that α1 = ε1 − ε2, α2 =
ε2 − ε3, · · · , αn−1 = εn−1 − εn, αn = εn are the simple roots and the root system
R = {±(εi ± εj),±εk|1 6 i 6= j 6 n, 1 6 k 6 n}.
Then α0 = ε1. Denote the simple reflections by si = sαi and denote the fundamental dominant
weights by xi = xαi , 1 6 i 6 n. We have that xi = ε1 + ε2 + · · · + εi, for 1 6 i < n, and xn =
1
2 (ε1 + ε2 + · · ·+ εn−1 + εn).
Proposition 3.2. Keep the notations above, in particular G = Spin2n+1(C). If n > 4, then for
w = sε3 ∈ W0, we have x2 < dw and l(dw) = l(x2) + 1.
Proof. First we can easily get dw = sε3x3. By computing the lengths, we have l(dw) = 4n− 1 and
4n − 2 = l(x2) = l(s2x2) + 1 = l(s1s2x2) + 2. Thus s1s2x2 < s2x2 < x2. Finally it is easy to verify
that s2s1s0s1s2x2 = dw. So x2 < dw. 
Now we can state the main result in this section.
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Theorem 3.3. Let G = Spin2n+1(C). If n > 4, then for x =
n∏
i=1
xaii , ai > 1, w = sε3 , we have
µ(xw0, dwxw0) = n+ 1.
Proof. In the same way with proving Theorem 2.2, we have that
µ(xw0, dwxw0) =
∑
z1∈X+
mx∗,x,z∗1 δw0,dww0,z1w0 ,
and that δw0,dww0,z1w0 6= 0 implies z1 ∈ X
+∩ZR, l(z1) 6 l(dw)+1 = 4n. By easy calculation, we have
l(x1) = 2n, l(x2) = 4n− 2, l(xi) = (2n+1− i)i > 4n, 3 6 i < n, l(xn) =
1
2n(n+1), l(x
2
n) = n(n+1) >
4n, l(x31) = 6n > 4n, l(x1x2) = 6n− 2 > 4n. Note that xn 6∈ ZR. Thus only these z1 ∈ {e, x1, x
2
1, x2}
count. So
µ(xw0, dwxw0)
=mx∗,x,eδw0,dww0,w0 +mx∗,x,x∗1δw0,dww0,x1w0 +mx∗,x,(x21)∗δw0,dww0,x21w0 +mx∗,x,x
∗
2
δw0,dww0,x2w0 .
Since l(s1dw) = l(dw) + 1 = l(x
2
1), s1x
2
1 < x
2
1 and s1dw > dw, if dw < x
2
1 we must have
dw = s1x
2
1,
which is impossible by easy check. So µ(x21w0, dww0) = 0. By Proposition 3.2, µ(x2w0, dww0) = 1.
We have
mx∗,x,x∗2 = dim V (x2)0 = n, mx∗,x,x∗1 = dim V (x1)0 = 1.
Thus
µ(xw0, dwxw0) = µ(w0, dww0) + µ(x1w0, dww0) + n.
Finally by direct computation we have µ(w0, dww0) = 1 and µ(x1w0, dww0) = 0 (See Lemma 3.7
below). 
3.4. Now we are going to prove µ(w0, dww0) = 1 and µ(x1w0, dww0) = 0. The method is similar to
2.4. First we need to get a reduced expression of dw. Since s0 = s−ε1,1 = sε1tε1 , we have reduced
expressions
x1 = s1s2 · · · sn · · · s2s1s0
x2 = s1x1s1x1
= s2s3...sn...s3s2s1s0 s2s3...sn...s3s2s1s0
= s2s1 s3...sn...s3s2s1s0 s3...sn...s3s2s1s0
dw = s2s1s0s1s2x2
= s2s1s0 s3...sn...s3s2s1s0 s3...sn...s3s2s1s0.
Set v = dw, v1 = s2dw. Since Ps2w0,v1w0 = Pw0s2,v1w0 = Pw0,v1w0 , by the recursive formula
(♣) Pw0,vw0 = (1 + q)Pw0,v1w0 −
∑
z ∈ Γ0
w0 6 z ≺ v2w0
s2z < z
µ(z, v1w0)q
1
2 (l(vw0)−l(z))Pw0,z.
We show that the summation in formula (♣) can be reduced to a single element. That is, there
exists only one z ∈ Γ0 such that w0 6 z ≺ v1w0 and s2z < z. Assume that z ∈ Γ0 satisfies the
requirements. Since z 6 v1w0, and
v1 = s1s0 s3...sn...s3s2s1s0 s3...sn...s3s2s1s0,
by Proposition 1.7 we see that z must be one of the following elements:
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w0;
s0w0;
mi = si · · · s1s0w0, 1 6 i 6 n;
nj = sj · · · sn−1snsn−1 · · · s1s0w0, 3 6 j 6 n− 1;
fi = s0 si · · · s1s0w0, 1 6 i 6 n;
gj = s0 sj · · · sn−1snsn−1 · · · s1s0w0, 3 6 j 6 n− 1;
mk,i = sk · · · s1s0 si · · · s1s0w0, 1 6 k < i 6 n;
nk,j = sk · · · s1s0 sj · · · sn−1snsn−1 · · · s1s0w0, 1 6 k 6 n, 3 6 j 6 n− 1;
hl,j = sl · · · sn−1snsn−1 · · · s1s0 sj · · · sn−1snsn−1 · · · s1s0w0, 3 6 j 6 l 6 n− 1;
bk,i = s0 sk · · · s1s0 si · · · s1s0w0, 1 6 k 6 n, k < i 6 n;
ck,j = s0 sk · · · s1s0 sj · · · sn−1snsn−1 · · · s1s0w0, 1 6 k 6 n, 3 6 j 6 n− 1;
dl,j = s0 sl · · · sn−1snsn−1 · · · s1s0 sj · · · sn−1snsn−1 · · · s1s0w0, 3 6 l 6 j 6 n− 1;
uk,i = s1s0 sk · · · s1s0 si · · · s1s0w0, 2 6 k < i 6 n;
vk,j = s1s0 sk · · · s1s0 sj · · · sn−1snsn−1 · · · s1s0w0, 2 6 k 6 n, 3 6 j 6 n− 1;
wl,j = s1s0 sl · · · sn−1snsn−1 · · · s1s0 sj · · · sn−1snsn−1 · · · s1s0w0, 3 6 j 6 l 6 n− 1;
rk = s1 sk · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0, 2 6 k 6 n;
al = s1 sl · · · sn−1snsn−1 · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0, 3 6 l 6 n− 1;
p = sn · · · s1s0 sn · · · s1s0w0;
t = s0 sn · · · s1s0 sn · · · s1s0w0;
t¯ = s1s0 sn · · · s1s0 sn · · · s1s0w0;
x = s2 s3 · · · sn−1snsn−1 · · · s1s0w0;
x¯ = s1 s2 s3 · · · sn−1snsn−1 · · · s1s0w0;
y = s2s0 s3 · · · sn−1snsn−1 · · · s1s0w0;
y¯ = s1 s2s0 s3 · · · sn−1snsn−1 · · · s1s0w0.
From their expressions, we can easily compute the set L(z). We obtain
L(w0) = S − {s0};
L(s0w0) = S − {s1};
L(mi) =
{
S − {si+1, s0} 1 6 i < n
S − {sn−1, s0} i = n;
L(nj) = S − {sj−1, s0};
L(fi) =

S − {s2} i = 1
S − {si+1, s0} 2 6 i < n
S − {s1, sn−1} i = n;
L(gj) = S − {sj−1, s1};
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L(mk,i) =

S − {si+1, s0} k + 1 = i < n
S − {sk+1, si+1, s0} k + 1 < i < n
S − {sn−2, sn, s0} k + 1 = i = n
S − {sn−1, s0} k + 2 = i = n
S − {sk+1, sn−1, s0} k + 2 < i = n;
L(nk,j) =

S − {sk+1, sj−1, s0} 3 6 k + 2 < j 6 n− 1
S − {sk+1, s0} 3 6 k + 2 = j 6 n− 1
S − {sk+1, sj−2, s0} 3 6 j 6 k + 1 6 n
S − {sj−2, sn−1, s0} k = n, 3 6 j 6 n− 1;
L(hl,j) =
{
S − {sl−1, sj−2, s0} 3 6 j < l 6 n− 1
S − {sj−2, s0} 3 6 j = l 6 n− 1;
L(bk,i) =

S − {s3} k = 1, i = 2
S − {s2, si+1} k = 1, 2 < i < n
S − {s2, sn−1} k = 1, i = n
S − {si+1, s1} 2 < k + 1 = i < n
S − {sk+1, si+1, s1} 2 < k + 1 < i < n
S − {sn−2, sn, s1} 2 < k + 1 = i = n
S − {sn−1, s1} k + 2 = i = n
S − {sk+1, sn−1, s1} 3 < k + 2 < i = n;
L(ck,j) =

S − {s2} k = 1, j = 3
S − {s2, sj−1} k = 1, 3 < j 6 n− 1
S − {sk+1, sj−1, s1} 3 < k + 2 < j 6 n− 1
S − {sk+1, s1} 3 < k + 2 = j 6 n− 1
S − {sk+1, s1} 3 = j 6 k + 1 6 n
S − {sk+1, sj−2, s1} 3 < j 6 k + 1 6 n
S − {sn−1, s1} k = n, j = 3
S − {sj−2, sn−1, s1} k = n, 3 6 j 6 n− 1;
L(dl,j) =

S − {sl−1, s1} 3 = j < l 6 n− 1
S − {sl−1, sj−2, s1} 3 6 j < l 6 n− 1
S − {s1} 3 = j = l
S − {sj−2, s1} 3 < j = l 6 n− 1;
L(uk,i) =

S − {s4, s0} k = 2, i = 3
S − {s3, si+1, s0} k = 2, 3 < i < n
S − {s3, sn−1, s0} k = 2, i = n
S − {s2, si+1, s0} 3 < k + 1 = i < n
S − {s2, sk+1, si+1, s0} 3 < k + 1 < i < n
S − {s2, sn−2, sn, s0} k + 1 = i = n
S − {s2, sn−1, s0} k + 2 = i = n
S − {s2, sk+1, sn−1, s0} k + 1 < i = n;
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L(vk,j) =

S − {s3, s0} k = 2, j = 3
S − {s3, s0} k = 2, j = 4
S − {sk+1, sj−1, s0} k = 2, 4 < j 6 n− 1
S − {s2, sk+1, sj−1, s0} 4 < k + 2 < j 6 n− 1
S − {s2, sk+1, s0} 4 < k + 2 = j 6 n− 1
S − {sk+1, s2, s0} 2 < k < n, j = 3
S − {sk+1, s2, s0} 2 < k < n, j = 4
S − {s2, sk+1, sj−2, s0} 2 < k < n, 5 6 j 6 k + 1
S − {sn−1, s2, s0} k = n, j = 3
S − {sn−1, s2, s0} k = n, j = 4
S − {sn−1, s2, s0} k = n, 5 6 j 6 n− 1;
L(wl,j) =

S − {s0, s2} l = j = 3
S − {sl−1, s2, s0} 4 6 l 6 n− 1, j = 3, 4
S − {sl−1, sj−2, s2, s0} 5 6 j 6 l 6 n− 1;
L(rk) =
{
S − {s0, sk+1} 2 6 k < n
S − {s0, sn−1} k = n;
L(al) = S − {s0, sl−1};
L(p) = S − {s0, sn−2};
L(t) = S − {s1, sn−2};
L(t¯) = S − {s0, s2, sn−2};
L(x) = S − {s0, s1};
L(x¯) = S − {s0};
L(y) = S − {s1};
L(y¯) = S − {s0, s2}.
Since L(v1w0) = L(w3,3) = S − {s0, s2}, combining the condition s2z < z and Proposition 1.2(4),
we see that z is one of the following elements:
w0, x¯, d3,3.
Since l(v1w0)−l(w0) = 4n−2 and l(v1w0)−l(x¯) = 2n−2 are even, so µ(w0, v1w0) = µ(x¯, v1w0) = 0.
Therefore we have
Pw0,vw0 = (1 + q)Pw0,v1w0 − qPw0,d3,3 .
Similarly, since d3,3 = s1v1w0,L(d3,3) = S − {s1}, using Argument 2.4 we see that
Pw0,v1w0 = (1 + q)Pw0,d3,3 .
Thus
(♥) Pw0,vw0 = (1 + q + q
2)Pw0,d3,3 .
Since h3,3 = s0d3,3,L(h3,3) = S − {s0, s1}, l(h3,3) = (4n − 4) + l(w0), using Argument 2.4 we see
that
(♠) Pw0,d3,3 = Pw0,h3,3 + qPs0w0,h3,3 − µ(s0w0, h3,3)q
2n−2.
Lemma 3.5. We have
Pw0,h3,3 = q
2n−3 + lower degree terms.
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Proof. If n = 4, 5 the calculation is easy and we omit it. When n > 6, the case that n is even and
the case that n is odd are similar. In view of this, we only consider the case that n > 6 is even in the
followings. The strategy is same as the proof of Lemma 2.5. Recall that we have reduced expression
h3,3w0 = s3 · · · sn−1snsn−1 · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0.
In the following we shall use repeatedly Argument 2.4 to determine the form of Pw0,h3,3 . Starting
with the above reduced expression, every time we cancel the leftmost simple reflection. We obtain the
following (1)-(5).
(1) Recall that for 4 6 i 6 n− 1,
hi,3 = si · · · sn−1snsn−1 · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0,
and then hi,3 = si−1hi−1,3.
Since L(hi,3) = S − {s0, s1, si−1}, l(hi,3) = (4n− i− 1) + l(w0), using Argument 2.4 we see that
(3.5.1)
Pw0,hi−1,3
=

(1 + q)Pw0,hi,3 − µ(w0, hi,3)q
2n−2 − µ(y, hi,3)q
n−2Pw0,y − q(Pw0,h4,4 + Pw0,h5,3), i = 4,
(1 + q)Pw0,hi,3 − µ(s0w0, hi,3)q
2n− i+12 − µ(x, hi,3)q
n− i−12 Pw0,x − qPw0,hi+1,3 , i = 5, 7, · · · , n− 3,
(1 + q)Pw0,hi,3 − µ(w0, hi,3)q
2n− i2 − µ(y, hi,3)q
n− i2Pw0,y − qPw0,hi+1,3 , i = 6, 8, · · · , n− 2,
(1 + q)Pw0,hn−1,3 − µ(s0w0, hn−1,3)q
3n
2 − µ(x, hn−1,3)q
n+2
2 Pw0,x − qPw0,nn,3 , i = n− 1.
Here
x = s2 s3 · · · sn−1snsn−1 · · · s1s0w0,
y = s2s0 s3 · · · sn−1snsn−1 · · · s1s0w0
and
h4,4 = s4 · · · sn−1snsn−1 · · · s1s0 s4 · · · sn−1snsn−1 · · · s1s0w0,
nn,3 = sn · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0.
(2) Since nn,3 = sn−1hn−1,3,L(nn,3) = S−{s0, s1, sn−1}, l(nn,3) = (3n−1)+l(w0), using Argument
2.4 we see that
(3.5.2) Pw0,hn−1,3 = (1 + q)Pw0,nn,3 − µ(w0, nn,3)q
3n
2 − µ(y, nn,3)q
n
2 Pw0,y − qPw0,nn−1,3 .
Recall that for 2 6 i 6 n− 1,
ni,3 = si · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0,
and then ni,3 = si+1ni+1,3.
Since L(ni,3) = S − {s0, s1, si+1}, l(ni,3) = (2n− 1 + i) + l(w0), using Argument 2.4 we see that
(3.5.3)
Pw0,ni+1,3
=

(1 + q)Pw0,ni,3 − µ(s0w0, ni,3)q
2n+i−1
2 − µ(x, ni,3)q
i+1
2 Pw0,x − qPw0,ni−1,3 , i = n− 1, n− 3, · · · , 3,
(1 + q)Pw0,ni,3 − µ(w0, ni,3)q
2n+i
2 − µ(y, ni,3)q
i
2Pw0,y − qPw0,ni−1,3 , i = n− 2, n− 4, · · · , 4,
(1 + q)Pw0,ni,3 − µ(w0, ni,3)q
n+1 − q(Pw0,y + Pw0,ni−1,3), i = 2.
Since n1,3 = s2n2,3,L(n1,3) = S − {s0, s2}, l(n1,3) = 2n+ l(w0), using Argument 2.4 we see that
(3.5.4) Pw0,n2,3 = (1 + q)Pw0,n1,3 .
(3) Recall that
g3 = s0 s3 · · · sn−1snsn−1 · · · s1s0w0,
and then g3 = s1n1,3.
Since L(g3) = S − {s1, s2}, l(g3) = (2n− 1) + l(w0), using Argument 2.4 we see that
(3.5.5) Pw0,n1,3 = (1 + q)Pw0,g3 − qPw0,n3 .
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Here n3 = s3 · · · sn−1snsn−1 · · · s1s0w0.
(4) Since n3 = s0g3,L(n3) = S − {s0, s2}, l(n3) = (2n− 2) + l(w0), we see that
(3.5.6) Pw0,g3 = Pw0,n3 + qPs0w0,n3 .
Recall that for 4 6 i 6 n− 1,
ni = si · · · sn−1snsn−1 · · · s1s0w0,
and then ni = si−1ni−1.
Since L(ni) = S − {s0, si−1}, l(ni) = (2n− i+ 1) + l(w0), using Argument 2.4 we see that
(3.5.7) Pw0,ni−1 =

(1 + q)Pw0,ni − µ(w0, ni)q
n− i−22 − qPw0,ni+1 , i = 4, 6, · · · , n− 2,
(1 + q)Pw0,ni − qPw0,ni+1 , i = 5, 7, · · · , n− 3,
(1 + q)Pw0,nn−1 − qPw0,mn , i = n− 1.
Here mn = snsn−1 · · · s1s0w0.
(5) Since mn = sn−1nn−1,L(mn) = S − {s0, sn−1}, l(mn) = (n+ 1) + l(w0), we see that
(3.5.8) Pw0,nn−1 = (1 + q)Pw0,mn − µ(w0,mn)q
n
2+1 − qPw0,mn−1 .
(6) Using Argument 2.4 we can easily get that
Pw0,mi = 1,
for 1 6 i 6 n. Thus by direct computation with (3.5.7)-(3.5.8), we see that
(3.5.9) Pw0,ni = 1, 3 6 i 6 n− 1.
Similarly we can easily get that
(3.5.10) Ps0w0,ni = 1, 3 6 i 6 n− 1.
Thus by (3.5.6), we obtain
(3.5.11) Pw0,g3 = q + 1.
Hence for completing the calculation in (3.5.1)-(3.5.5), it remains to know the followings:
µ(y, hi,3), i = 4, 6, · · · , n− 2;
µ(y, ni,3), i = n, n− 2, · · · , 4;
µ(x, hi,3), i = 5, 7, · · · , n− 1;
µ(x, ni,3), i = n− 1, n− 3, · · · , 3;
µ(s0w0, hi,3), i = 5, 7, · · · , n− 1;
µ(s0w0, ni,3), i = n− 1, n− 3, · · · , 3;
Pw0,y, Pw0,x;
Pw0,h4,4 .
(7) Recall that for 4 6 i 6 n− 1,
hi,3 = si · · · sn−1snsn−1 · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0;
for 3 6 i 6 n,
ni,3 = si · · · s1s0 s3 · · · sn−1snsn−1 · · · s1s0w0;
and
y = s2s0 s3 · · · sn−1snsn−1 · · · s1s0w0.
For 4 6 i 6 n, siy = ysi, thus
Psiy,hj,3 = Py,hj,3 , 5 6 j 6 n− 1,
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and
Psiy,nk,3 = Py,nk,3 , 3 6 k 6 n.
Therefore using Argument 2.4 and referring to (3.5.1)-(3.5.3), we see (note that x < y)
Py,hi−1,3 =

(1 + q)Py,hi,3 − qPy,hi+1,3 , i = 5, 7, · · · , n− 3,
(1 + q)Py,hi,3 − µ(y, hi,3)q
n− i2 − qPy,hi+1,3 , i = 6, 8, · · · , n− 2,
(1 + q)Py,hn−1,3 − qPy,nn,3 , i = n− 1.
Py,hn−1,3 = (1 + q)Py,nn,3 − µ(y, nn,3)q
n
2 − qPy,nn−1,3 .
Py,ni+1,3 =
{
(1 + q)Py,ni,3 − qPy,ni−1,3 , i = n− 1, n− 3, · · · , 3,
(1 + q)Py,ni,3 − µ(y, ni,3)q
i
2 − qPy,ni−1,3 , i = n− 2, n− 4, · · · , 4.
Since l(n3,3)− 2 = l(n2,3)− 1 = l(y), we have
Py,n3,3 = Py,n2,3 = 1.
By direct computation, we see
(3.5.12)
Py,hj,3 = 1, µ(y, hj,3) = 0, 4 6 j 6 n− 1;
Py,nk,3 = 1, µ(y, nk,3) = 0, 4 6 k 6 n.
Recall that
x = s2 s3 · · · sn−1snsn−1 · · · s1s0w0.
Using a similar argument, we can obtain that
(3.5.13)
Px,hj,3 = 1, µ(x, hj,3) = 0, 5 6 j 6 n− 1;
Px,nk,3 = 1, µ(x, nk,3) = 0, 3 6 k 6 n− 1.
(8) Note that
g3 = s2y = s0 s3 · · · sn−1snsn−1 · · · s1s0w0.
Since L(g3) = S − {s1, s2}, l(g3) = (2n− 1) + l(w0), using Argument 2.4 we see that
Pw0,y = (1 + q)Pw0,g3 − qPw0,g4 .
Here g4 = s0 s4 · · · sn−1snsn−1 · · · s1s0w0.
Since n4 = s0g4,L(n4) = S − {s3, s0}, l(n4) = (2n− 3) + l(w0), using Argument 2.4 we see that
Pw0,g4 = Pw0,n4 + qPs0w0,n4 .
By (3.5.9)-(3.5.11), we can get
(3.5.14) Pw0,y = q + 1.
(9) Recall that
h4,4 = s4 · · · sn−1snsn−1 · · · s1s0 s4 · · · sn−1snsn−1 · · · s1s0w0.
Since h4,4 = s2h4,3,L(h4,4) = S − {s2, s0}, l(h4,4) = (4n − 6) + l(w0), using Argument 2.4 we see
that
Pw0,h4,3 = (1 + q)h4,4.
From Lemma 3.6 below we will see that (see (3.6.11))
µ(s0w0, hi,3) = 0, i = 5, 7, · · · , n− 1,
µ(s0w0, ni,3) = 0, i = n− 1, n− 3, · · · , 3,
which together with (3.5.1)-(3.5.14) imply
(3.5.15)
Pw0,h4,3 = q
2n−3 + 2q2n−4 + 2q2n−5 + q2n−6 + · · ·+ q + 1;
Pw0,h5,3 = q
2n−4 + 2q2n−5 + 2q2n−6 + q2n−7 + · · ·+ q + 1.
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Thus
(3.5.16) Pw0,h4,4 = q
2n−4 + q2n−5 + q2n−6 + q2n−8 + · · ·+ q2 + 1.
(10) Finally by (3.5.1)
Pw0,h3,3 = (1 + q)Pw0,h4,3 − µ(w0, h4,3)q
2n−2 − µ(y, h4,3)q
n−2Pw0,y − q(Pw0,h4,4 + Pw0,h5,3).
By (3.5.15)-(3.5.16) and (3.5.12) we get
Pw0,h3,3 = q
2n−3 + lower degree terms.

Lemma 3.6. We have
Ps0w0,h3,3 = q
2n−3 + 1.
Proof. The proof is similar to the one of Lemma 3.5. As Lemma 3.5, we shall only consider the case
that n > 6 is even in the following. Using Argument 2.4 repeatly, we obtain the following (1)-(4)
(refer to the corresponding ones in Lemma 3.5 and note specially that g3 = s1n1,3, n3 = s0g3).
(1)
(3.6.1)
Ps0w0,hi−1,3
=

(1 + q)Ps0w0,h4,3 − µ(y, h4,3)q
n−2Ps0w0,y − q(Ps0w0,h4,4 + Ps0w0,h5,3), i = 4,
(1 + q)Ps0w0,hi,3 − µ(s0w0, hi,3)q
2n− i+12 − µ(x, hi,3)q
n− i−12 Ps0w0,x − qPs0w0,hi+1,3 , i = 5, 7, · · · , n− 3,
(1 + q)Ps0w0,hi,3 − µ(y, hi,3)q
n− i2Ps0w0,y − qPs0w0,hi+1,3 , i = 6, 8, · · · , n− 2,
(1 + q)Ps0w0,hn−1,3 − µ(s0w0, hn−1,3)q
3n
2 − µ(x, hn−1,3)q
n+2
2 Ps0w0,x − qPs0w0,nn,3 , i = n− 1.
(2)
(3.6.2) Ps0w0,hn−1,3 = (1 + q)Ps0w0,nn,3 − µ(y, nn,3)q
n
2 Ps0w0,y − qPs0w0,nn−1,3 .
(3.6.3)
Ps0w0,ni+1,3
=

(1 + q)Ps0w0,ni,3 − µ(s0w0, ni,3)q
2n+i−1
2 − µ(x, ni,3)q
i+1
2 Ps0w0,x − qPs0w0,ni−1,3 , i = n− 1, n− 3, · · · , 3,
(1 + q)Ps0w0,ni,3 − µ(y, ni,3)q
i
2Ps0w0,y − qPs0w0,ni−1,3 , i = n− 2, n− 4, · · · , 4,
(1 + q)Ps0w0,ni,3 − q(Ps0w0,y + Ps0w0,ni−1,3), i = 2.
(3.6.4) Ps0w0,n2,3 = (1 + q)Ps0w0,n1,3 .
(3)
(3.6.5) Ps0w0,n1,3 = Ps0w0,g3 + qPs1s0w0,g3 − qPs0w0,n3 .
(4)
(3.6.6) Ps0w0,g3 = Pw0,n3 + qPs0w0,n3 .
(5) Recall that
n3 = s3 · · · sn−1snsn−1 · · · s1s0w0.
Thus by Proposition 1.7 we have s0s1s0w0 6 n3.
Since n3 = s0g3,L(n3) = S − {s0, s2}, l(n3) = (2n− 2) + l(w0), using Argument 2.4 we see that
(3.6.7) Ps1s0w0,g3 = Ps1s0w0,n3 .
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Easily we get Ps1s0w0,n3 = 1 (refer to the process of getting (3.5.9)). Thus by (3.5.9)-(3.5.11) and
(3.6.5)-(3.6.7) we obtain
(3.6.8) Ps0w0,n1,3 = q + 1.
Hence for completing the calculation in (3.6.1)-(3.6.4), it remains to compute the followings:
Ps0w0,y, Ps0w0,h4,4 .
(6) Since s0y < y, noting (3.5.14), we have
(3.6.9) Ps0w0,y = Pw0,y = q + 1.
(7) Using (3.6.1)-(3.6.4) and (3.6.8) to do calculation, we get
(3.6.10)
Ps0w0,h5,3 = q
2n−5 + 1,
Ps0w0,h4,3 = (1 + q)(q
2n−5 + 1),
and
(3.6.11)
µ(s0w0, hi,3) = 0, i = 5, 7, · · · , n− 1,
µ(s0w0, ni,3) = 0, i = n− 1, n− 3, · · · , 3.
Since h4,4 = s2h4,3, using Argument 2.4 we see that
Ps0w0,h4,3 = (1 + q)Ps0w0,h4,4 .
Thus
(3.6.12) Ps0w0,h4,4 = q
2n−5 + 1,
(8) Finally by (3.6.1)
Ps0w0,h3,3 = (1 + q)Ps0w0,h4,3 − µ(y, h4,3)q
n−2Ps0w0,y − q(Ps0w0,h4,4 + Ps0w0,h5,3).
By (3.5.12),(3.6.9),(3.6.10),(3.6.12), we get
Ps0w0,h3,3 = q
2n−3 + 1.

Now we are able to establish the following result, which completes our proof of Theorem 3.3.
Lemma 3.7. Let dw be as in Theorem 3.3, if n > 4 then
µ(w0, dww0) = 1, µ(x1w0, dww0) = 0.
Proof. The first equality follows from (♥), (♠), Lemma 3.5 and Lemma 3.6. Now we see the second.
As above we only consider the case that n > 6 is even.
Using a similar argument in 3.4, we have
Px1w0,vw0 = (1 + q)Px1w0,v1w0 .
Since d3,3 = s1v1w0 < v1w0 and x1w0 6 d3,3 by Proposition 1.2(3) we obtain
Px1w0,v1w0 = Px,d3,3 .
Referring to (♠) and (3.5.1), we get (note that y = s0x)
Px,d3,3 = Px,h3,3 + qPy,h3,3 ,
Px,h3,3 = (1 + q)Px,h4,3 − µ(y, h4,3)q
n−2 − qPx,h5,3 ,
Px,h4,3 = (1 + q)Px,h5,3 − µ(x, h5,3)q
n−2 − qPx,h6,3 ,
Py,h3,3 = (1 + q)Py,h4,3 − µ(y, h4,3)q
n−2 − qPy,h5,3 ,
26 PAN CHEN
which together with (3.5.12),(3.5.13) imply that Px,d3,3 = q+1. Thus Px1w0,dww0 = q
2+2q+1. Hence
µ(x1w0, dww0) = 0.

3.8. Next we consider the first extension group between irreducible modules. Let dw be as in Theorem
3.3. Denote the image of dw in W
′ by v′. Let λ = t2pρw0 ∗ (−ρ)− ρ and µ = v
′t2pρw0 ∗ (−ρ)− ρ. As
Section 2, we have the following.
Corollary 3.9. Let H = Spin2n+1(Fp). If the p is sufficiently large such that Lusztig’s modular
conjecture holds and p > 6n− 1, n > 4, then Ext1H(L(λ), L(µ)) = n+ 1.
4. The case of type D˜n
4.1. In this section we assume that G = Spin2n(C). The Coxeter diagram of the affine Weyl group is
D˜n
2
0
1
3 n− 3 n− 2
n− 1
n
Take a standard orthogonal basis εi ∈ E, 1 6 i 6 n, such that α1 = ε1 − ε2, α2 = ε2− ε3, · · · , αn−1 =
εn−1 − εn, αn = εn−1 + εn are the simple roots and the root system
R = {±(εi ± εj)|1 6 i 6= j 6 n}.
Then α0 = ε1 + ε2. Denote the simple reflections by si = sαi and denote the fundamental dominant
weights by xi = xαi , 1 6 i 6 n. We have that xi = ε1 + ε2 + · · · + εi, for 1 6 i < n − 1, and
xn−1 =
1
2 (ε1 + ε2 + · · ·+ εn−1 − εn), xn =
1
2 (ε1 + ε2 + · · ·+ εn−1 + εn).
Proposition 4.2. Keep the notations above, in particular G = Spin2n(C). If n > 5 then for w =
sε1+ε3 ∈W0, we have x2 < dw and l(dw) = l(x2) + 1.
Proof. The proof is a direct computation. We give the results: dw = sε1+ε3x1x3 = s2s0s2x2, and
l(dw) = l(x2) + 1 = l(s2x2) + 2 = 4n− 5. 
Theorem 4.3. Let G = Spin2n(C). If n > 5, then for x =
n∏
i=1
xaii , ai > 1, w = sε1+ε3 , we have
µ(xw0, dwxw0) = n+ 1.
Proof. First we have that
µ(xw0, dwxw0) =
∑
z1∈X+
mx∗,x,z∗1 δw0,dww0,z1w0 ,
and that δw0,dww0,z1w0 6= 0 implies z1 ∈ X
+ ∩ ZR, l(z1) 6 l(dw) + 1 = 4n− 4. By easy calculation, we
have l(x1) = 2n−2, l(x2) = 4n−6, l(xi) = (2n−1−i)i > 4n−4, 3 6 i < n−1, l(xn−1) = l(xn) =
1
2n(n−
1), l(x2n−1) = l(xn−1xn) = l(x
2
n) = n(n−1) > 4n−4, l(x
3
1) = 6n−6 > 4n−4, l(x1x2) = 6n−8 > 4n−4.
Note that x1, xn−1, xn 6∈ ZR. Thus only these z1 ∈ {e, x
2
1, x2} count. So
µ(xw0, dwxw0)
=mx∗,x,eδw0,dww0,w0 +mx∗,x,(x21)∗δw0,dww0,x21w0 +mx∗,x,x
∗
2
δw0,dww0,x2w0 .
Since l(s1dw) = l(dw) + 1 = l(x
2
1), s1x1 < x1, so if dw < x
2
1 we must have s1dw = x
2
1, which is
impossible by easy check. Thus µ(x21w0, dww0) = 0. By Proposition 4.2, µ(x2w0, dww0) = 1. We have
mx∗,x,x∗2 = dim V (x2)0 = n. Hence
µ(xw0, dwxw0) = µ(w0, dww0) + n.
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Finally by direct computation, we have µ(w0, dww0) = 1 (See Lemma 4.7 below). 
4.4. Now we are going to prove µ(w0, dww0) = 1. First we need to get a reduced expression of dw.
Since s0 = sα0tα0 = sε1+ε2x2, so
x2 = sε1+ε2s0 = s2 · · · sn−1 s1 · · · sn−2snsn−2 · · · s1 sn−1 · · · s2s0.
Thus we get a reduced expression
dw = s2s0s2x2
= s2s0 s3 · · · sn−1 s1 · · · sn−2snsn−2 · · · s1 sn−1 · · · s2s0.
Set v = dw, v1 = s2dw, v2 = s0s2dw. Since w0, vw0 ∈ DL(s0, s2) = {w ∈ Wa|#L(w) ∩ {s0, s2} = 1},
using the star operator, we have µ(w0, vw0) = µ(s0w0, v1w0). By the recursive formula
(♦) Ps0w0,v1w0 = Pw0,v2w0 + qPs0w0,v2w0 −
∑
z ∈ Γ0
s0w0 6 z ≺ v2w0
s0z < z
µ(z, v2w0)q
1
2 (l(v1w0)−l(z))Ps0w0,z.
We show that the summation in formula (♦) is empty. That is, there exists no z ∈ Γ0 such that
s0w0 6 z ≺ v2w0 and s0z < z. Assume that z = uw0, for some u ∈ W with l(z) = l(u) + l(w0),
satisfies the requirements. Since s0w0 6 z 6 v2w0, and
v2 = s3 · · · sn−1 s1s2 · · · sn−2snsn−2 · · · s2s1 sn−1 · · · s3s2 s0,
by Proposition 1.7 we see that z must be one of the following elements:
s0w0;
mi = si · · · s3s2s0w0, 2 6 i 6 n− 1;
mj,i = sj · · · s2s1 si · · · s2s0w0, 1 6 j < i 6 n− 1;
fj = snsj · · · s1 sn−2 · · · s2s0w0, 1 6 j 6 n− 3;
gj = snsj · · · s1 sn−1 · · · s2s0w0, 1 6 j 6 n− 2;
hk = sk · · · sn−2sn sn−1 · · · s2s0w0, 1 6 k 6 n− 2;
wk,j = sk · · · sn−2snsj · · · s2s1 sn−1 · · · s2s0w0, 1 6 k 6 n− 2, 1 6 j 6 n− 2;
bk = sn−1 sk · · · sn−2snsn−3 · · · s1 sn−1 · · · s2s0w0, 1 6 k 6 n− 2;
yt,k = st · · · sn−1 sk · · · sn−2snsn−2 · · · s1 sn−1 · · · s2s0w0, 3 6 t 6 n− 1, 1 6 k < t;
p = sn sn−2 · · · s2s0w0;
p¯ = sn sn−1 · · · s2s0w0;
r = sn−2snsn−3 · · · s1 sn−2 · · · s2s0w0;
r¯ = sn−1 sn−2snsn−3 · · · s1 sn−2 · · · s2s0w0.
28 PAN CHEN
From their expressions, we can easily compute the set L(z). We obtain
L(s0w0) = S − {s2};
L(mi) =

S − {si+1, s1} 2 6 i < n− 2
S − {sn−1, sn, s1} i = n− 2
S − {sn, s1} i = n− 1;
L(mj,i) =

S − {s3} i = 2, j = 1
S − {si+1, s2} 2 < i < n− 2, j = 1
S − {si+1, sj+1, s0} 2 < i < n− 2, 2 6 j < i− 1
S − {si+1, s0} 2 < i < n− 2, 2 6 j = i− 1
S − {sn−1, sn, s2} i = n− 2, j = 1
S − {sn−1, sn, sj+1, s0} i = n− 2, 2 6 j < n− 3
S − {sn−1, sn, s0} i = n− 2, 2 6 j = n− 3
S − {sn, s2} i = n− 1, j = 1
S − {sn, sj+1, s0} i = n− 1, 2 6 j < n− 2
S − {sn, s0} i = n− 1, 2 6 j = n− 2;
L(fj) =
{
S − {s2, sn−1} j = 1
S − {sn−1, sj+1, s0} 2 6 j 6 n− 3;
L(gj) =

S − {s2, sn−2} j = 1
S − {sn−2, sj+1, s0} 2 6 j < n− 3
S − {sn−2, s0} 2 6 j = n− 3
S − {sn−2, s0} 2 6 j = n− 2;
L(hk) =

S − {s1, sk−1} 3 6 k 6 n− 2
S − {s1, s0} k = 2
S − {s2, s0} k = 1;
L(wk,j) =

S − {s2, sk−1} j = 1, 4 6 k 6 n− 2
S − {s2} j = 1, k = 3
S − {s1, s3, s0} j = 1, k = 2
S − {s3, s0} j = 1, k = 1
S − {sj+1, sk−1, s0} 2 6 j 6 n− 4, j + 2 < k 6 n− 2
S − {sk−1, s0} 2 6 j 6 n− 4, k = j + 2
S − {sj+2, sk−1, s0} 2 6 j 6 n− 4, 2 6 k 6 j + 1
S − {sj+2, s0} 2 6 j 6 n− 4, k = 1
S − {sk−1, sn−1, sn, s0} j = n− 3, 2 6 k 6 n− 2
S − {sn−1, sn, s0} j = n− 3, k = 1
S − {sk−1, sn−1, s0} j = n− 2, 2 6 k 6 n− 2
S − {sn−1, s0} j = n− 2, k = 1;
L(bk) =
{
S − {sn, s0} k = 1
S − {sk−1, sn, s0} 1 < k 6 n− 2;
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L(yt,k) =

S − {sk−1, s0} 3 6 t 6 n− 1, k = t− 1
S − {sk−1, st−1, s0} 3 6 t 6 n− 1, 1 < k < t− 1
S − {st−1, s0} 3 6 t 6 n− 1, k = 1;
L(p) = S − {s1, sn−1};
L(p¯) = S − {s1, sn−2};
L(r) = S − {sn−1, s0};
L(r¯) = S − {sn−2, s0}.
Since L(v2w0) = L(y3,1) = S − {s2, s0}, combining the condition s0z < z and Proposition 1.2(4),
we see that z only can be s0w0 or w3,1. But l(v2w0)− l(s0w0) = 4n− 6 and l(v2w0)− l(w3,1) = 2n− 4
imply that µ(s0w0, v2w0) = µ(w3,1, v2w0) = 0. Thus we have
() Ps0w0,v1w0 = Pw0,v2w0 + qPs0w0,v2w0 .
Lemma 4.5. We have
Pw0,v2w0 = q
2n−4 + lower degree terms.
Proof. If n = 5, 6 the calculation is easy and we omit it. When n > 7, the case that n is even and
the case that n is odd are similar. In view of this, we only consider the case that n > 7 is odd in the
followings. The strategy is same as the proof of Lemma 2.5. Recall that we have reduced expression
v2 = s3 · · · sn−1 s1 · · · sn−2snsn−2 · · · s1 sn−1 · · · s2s0.
In the following we shall use repeatedly Argument 2.4 to determine the form of Pw0,v2w0 . Starting
with the above reduced expression, every time we cancel the leftmost simple reflection. We obtain the
following (1)-(4). Note that v2w0 = y3,1.
(1) Recall that for 4 6 i 6 n− 1,
yi,1 = si · · · sn−1 s1 · · · sn−2snsn−2 · · · s1 sn−1 · · · s2s0w0,
and then yi,1 = si−1yi−1,1.
Since L(yi,1) = S − {si−1, s0}, l(yi,1) = (4n− 4− i) + l(w0), using Argument 2.4 we see
(4.5.1) Pw0,yi−1,1 =

(1 + q)Pw0,yi,1 − qPw0,yi+1,1 , i = 4, 6, · · · , n− 3,
(1 + q)Pw0,yi,1 − µ(w0, yi,1)q
2n−2− i−12 − qPw0,yi+1,1 , i = 5, 7, · · · , n− 2,
(1 + q)Pw0,yn−1,1 − q(Pw0,b1 + Pw0,w1,n−2), i = n− 1.
Here
b1 = sn−1 s1 · · · sn−2snsn−3 · · · s1 sn−1 · · · s2s0w0
and
w1,n−2 = s1 · · · sn−2snsn−2 · · · s2s1 sn−1 · · · s2s0w0.
(2) Since w1,n−2 = sn−1yn−1,1,L(w1,n−2) = S − {sn−1, s0}, l(w1,n−2) = (3n − 4) + l(w0), using
Argument 2.4 we see that
(4.5.2) Pw0,yn−1,1 = (1 + q)Pw0,w1,n−2 − µ(w0, w1,n−2)q
3n−3
2 .
Recall that for 2 6 i 6 n− 2,
wi,n−2 = si · · · sn−2snsn−2 · · · s2s1 sn−1 · · · s2s0w0,
and then wi,n−2 = si−1wi−1,n−2.
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Since L(wi,n−2) = S−{si−1, sn−1, s0}, l(wi,n−2) = (3n− 3− i) + l(w0), using Argument 2.4 we see
that
(4.5.3)
Pw0,wi−1,n−2 =

(1 + q)Pw0,wi,n−2 − µ(r, wi,n−2)q
n−i+1
2 − qPw0,wi+1,n−2 , i = 2, 4, · · · , n− 3,
(1 + q)Pw0,wi,n−2 − µ(w0, wi,n−2)q
3n−2−i
2 − qPw0,wi+1,n−2 , i = 3, 5, · · · , n− 4,
(1 + q)Pw0,wn−2,n−2 − µ(w0, wn−2,n−2)q
n − qPw0,gn−2 , i = n− 2.
Here
r = sn−2snsn−3 · · · s1 sn−2 · · · s2s0w0
and
gn−2 = snsn−2 · · · s2s1 sn−1 · · · s2s0w0.
(3) Since gn−2 = sn−2wn−2,n−2,L(gn−2) = S − {sn−2, s0}, l(gn−2) = (2n − 2) + l(w0), using
Argument 2.4 we see that
(4.5.4) Pw0,wn−2,n−2 = (1 + q)Pw0,gn−2 − qPw0,mn−2,n−1.
Here mn−2,n−1 = sn−2 · · · s2s1 sn−1 · · · s2s0w0.
(4) Since mn−2,n−1 = sngn−2,L(mn−2,n−1) = S − {sn, s0}, l(mn−2,n−1) = (2n− 3) + l(w0), using
Argument 2.4 we see that
(4.5.5) Pw0,gn−2 = (1 + q)Pw0,mn−2,n−1 − µ(w0,mn−2,n−1)q
n−1.
(5) In fact, we can use the result about the case of B˜n to obtain Pw0,mn−2,n−1 . Note that we have
the sub-diagram
2
0
1
3 n− 2 n− 1
which is same as the corresponding sub-diagram of B˜n. If we note the parity of n then by (2.5.15) we
obtain that
(4.5.6) Pw0,mn−2,n−1 = q
n−3 + qn−5 + · · ·+ q2 + 1.
Hence for completing the calculation in (1)-(4), it remains to compute the followings:
µ(r, wi,n−2), i = 2, 4, · · · , n− 3;
Pw0,r;
Pw0,b1 .
(6) Now we compute Pr,w2,n−2 . Recall that
r = sn−2snsn−3 · · · s1 sn−2 · · · s2s0w0.
For 2 6 i 6 n− 3, noting that sjw0 = w0sj (1 6 j 6 n− 2) and snw0 = w0sn−1, we have sir = rsi+2.
Thus
Pr,wi+1,n−2 = Psir,wi+1,n−2 , for 2 6 i 6 n− 3.
Therefore using Argument 2.4 and referring to (4.5.3), we see that
Pr,wi−1,n−2 =

(1 + q)Pr,wi,n−2 − µ(r, wi,n−2)q
n−i+1
2 − qPr,wi+1,n−2 , i = 4, 6 · · · , n− 3,
(1 + q)Pr,wi,n−2 − qPr,wi+1,n−2 , i = 3, 5, · · · , n− 4,
(1 + q)Pr,wn−2,n−2 , i = n− 2.
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Since l(wn−2,n−2) = l(r) + 2, we have
Pr,wn−2,n−2 = 1.
By computation with the above equalities, we obtain
Pr,wi,n−2 = q + 1, 2 6 i 6 n− 3,
thus
(4.5.7) µ(r, wi,n−2) =
{
0, i = 2, 4, · · · , n− 5,
1, i = n− 3.
(7) First we introduce the following natural isomorphism of groups:
σ :Wa →Wa
si 7→ si, 0 6 i 6 n− 2
sn−1 7→ sn
sn 7→ sn−1.
It is obvious that this isomorphism preserves the Bruhat order and the length function. Thus the
Kazhdan-Lusztig polynomials keep stable under the action of σ. Note that w0 is the unique longest
element in W0, so it is invariant under this isomorphism.
Recall that
r = sn−2snsn−3 · · · s1 sn−2 · · · s2s0w0,
mn−2,n−1 = sn−2sn−3 · · · s1 sn−1 · · · s2s0w0
= sn−2sn−1sn−3 · · · s1 sn−2 · · · s2s0w0.
Thus r = σ(mn−2,n−1) and Pw0,r = Pw0,mn−2,n−1 . Therefore by (4.5.6) we have
(4.5.8) Pw0,r = q
n−3 + qn−5 + · · ·+ q2 + 1.
(8) By (4.5.2)-(4.5.7), we see that
(4.5.9)
Pw0,w1,n−2 = q
n−1 + 2qn−2 + qn−3 + qn−4 + · · ·+ q + 1,
Pw0,yn−1,1 = (1 + q)(q
n−1 + 2qn−2 + qn−3 + qn−4 + · · ·+ q + 1).
On the other hand, noting that b1 = snyn−1,1 and using Argument 2.4 we see that
Pw0,yn−1,1 = (1 + q)Pw0,b1 − µ(w0, b1)q
3n−3
2 .
Since 1 + q|Pw0,yn−1,1 , so µ(w0, b1) = 0. Hence
(4.5.10) Pw0,b1 = q
n−1 + 2qn−2 + qn−3 + qn−4 + · · ·+ q + 1.
(11) By (4.5.1),(4.5.9) and (4.5.10), we see
Pw0,yn−2,1 = q
n+1 + lower degree terms.
It is of strictly larger degree than Pw0,yn−1,1 .
Proceeding with (4.5.1), we find
µ(w0, yi+1,1) = 0, i = 4, 6, · · · , n− 3,
thus
Pw0,v2w0 = Pw0,y3,1 = q
2n−4 + lower degree terms.

Lemma 4.6. We have
degPs0w0,v2w0 < 2n− 5.
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Proof. The proof is similar to the one of Lemma 4.5. As Lemma 4.5, we shall only consider the case
that n > 7 is odd in the followings. Using Argument 2.4 repeatly, we obtain the following (1)-(4)
(refer to the corresponding ones in Lemma 4.5 and note specially that w3,n−2 = s2w2,n−2).
(1)
(4.6.1) Ps0w0,yi−1,1 =
{
(1 + q)Ps0w0,yi,1 − qPs0w0,yi+1,1 , 4 6 i 6 n− 2,
(1 + q)Ps0w0,yn−1,1 − q(Ps0w0,b1 + Ps0w0,w1,n−2 , i = n− 1.
(2)
(4.6.2) Ps0w0,yn−1,1 = (1 + q)Ps0w0,w1,n−2 .
(4.6.3)
Ps0w0,wi−1,n−2 =

(1 + q)Ps0w0,wi,n−2 − µ(r, wi,n−2)q
n−i+1
2 Ps0w0,r − qPs0w0,wi+1,n−2 , i = 2, 4, · · · , n− 3,
Ps0w0,wi,n−2 + qPs2s0w0,wi,n−2 − qPs0w0,wi+1,n−2 , i = 3,
(1 + q)Ps0w0,wi,n−2 − qPs0w0,wi+1,n−2 , i = 5, · · · , n− 4,
(1 + q)Ps0w0,wn−2,n−2 − qPs0w0,gn−2 , i = n− 2.
(3)
(4.6.4) Ps0w0,wn−2,n−2 = (1 + q)Ps0w0,gn−2 − qPs0w0,mn−2,n−1 .
(4)
(4.6.5) Ps0w0,gn−2 = (1 + q)Ps0w0,mn−2,n−1 .
(5) Recall that mn−2,n−1 = sn−2 · · · s1 sn−1 · · · s2s0w0,L(mn−2,n−1) = S − {sn, s0}. Thus
(4.6.6) Ps0w0,mn−2,n−1 = Pmn−2,n−1,mn−2,n−1 = 1.
Similarly, since r = sn−2snsn−3 · · · s1 sn−2 · · · s2s0w0 and L(r) = S − {sn−1, s0}, we have
(4.6.7) Ps0w0,r = Pr,r = 1.
(6) Recall that
f1 = sns1 sn−2 · · · s2s0w0,
w3,n−2 = s3 · · · sn−2snsn−2 · · · s2s1 sn−1 · · · s2s0w0
and L(w3,n−2) = S − {s2, sn−1, s0}. Thus Ps2s0w0,w3,n−2 = Pf1,w3,n−2 .
Since sif1 = f1si+1 for 3 6 i 6 n − 2, using Argument 2.4 and referring to (4.6.3)-(4.6.4) we see
that
Pf1,wi−1,n−2 =

(1 + q)Pf1,wi,n−2 − µ(r, wi,n−2)q
n−i+1
2 Pf1,r − qPf1wi+1,n−2 , i = 4, 6, · · · , n− 3,
(1 + q)Pf1,wi,n−2 − qPf1,wi+1,n−2 , i = 5, 7, · · · , n− 4,
(1 + q)Pf1,wn−2,n−2 − qPf1,gn−2 , i = n− 2;
and
Pf1,wn−2,n−2 = (1 + q)Pf1,gn−2 .
As (4.6.7) we have
Pf1,r = Pr,r = 1.
Recall that
fn−3 = sn sn−3 · · · s2s1 sn−2 · · · s2s0w0,
gn−2 = sn sn−2 · · · s2s1 sn−1 · · · s2s0w0
and L(gn−2) = S − {sn−2, s0}. Thus Pf1,gn−2 = Pfn−3,gn−2 = 1, from l(gn−2)− l(fn−3) = 2.
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Recall that (4.5.7) says that
µ(r, wi,n−2) =
{
0, i = 2, 4, · · · , n− 5,
1, i = n− 3,
which together with the above computation implies that
Pf1,wi,n−2 = q
n−1−i + q + 1, 3 6 i 6 n− 3.
Thus
(4.6.8) Ps2s0w0,w3,n−2 = q
n−4 + q + 1.
(7) By (4.6.3)-(4.6.7) and (4.5.7), we get
(4.6.9)
Ps0w0,w4,n−2 = q
n−4 + qn−5 + q + 1,
Ps0w0,w3,n−2 = q
n−3 + qn−4 + q + 1.
Note that (4.6.3) tells us
Ps0w0,w1,n−2 = Ps0w0,w2,n−2 − qPs0w0,w3,n−2 ,
Ps0w0,w2,n−2 = Ps0w0,w3,n−2 + qPs2s0w0,w3,n−2 − qPs0w0,w4,n−2 ,
which together with (4.6.8)-(4.6.9) imply that
degPs0w0,w1,n−2 6 n− 3.
Then from (4.6.1)-(4.6.3) we can easily obtain
degPs0w0,y3,1 6 degPs0w0,w1,n−2 + n− 3 < 2n− 5.

Now we are able to establish the following result, which completes our proof of Theorem 4.3.
Lemma 4.7. Let dw be as in Theorem 4.3, if n > 5 then
µ(w0, dww0) = 1.
Proof. Note that l(v2) = 4n− 7. What we want follows from (), Lemma 4.5 and Lemma 4.6. 
4.8. Next we consider the first extension group between irreducible modules. Let dw be as in Theorem
4.3. Denote the image of dw in W
′ by v′. Let λ = t2pρw0 ∗ (−ρ)− ρ and µ = v
′t2pρw0 ∗ (−ρ)− ρ. As
Section 2, we have the following.
Corollary 4.9. Let H = Spin2n(Fp). If the p is sufficiently large such that Lusztig’s modular
conjecture holds and p > 6n− 6, n > 5, then Ext1H(L(λ), L(µ)) = n+ 1.
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